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Preface 


Plasma is being considered as one of the viable sources to meet out future 
demand of energy. Research work in the field of plasma science is 
extensively going on all over the world. Plasma Physics is one of the courses 
being taught to postgraduate students in India as well as abroad. I 
happened to teach this course to MSc Physics students at DDU Gorakhpur 
University, Gorakhpur and SRTM University, Nanded (Maharashtra). 
While teaching the course, as a habit, 1 prepared my notes. On persistent 
demand from my students and valuable advices from my friends and 
colleagues, this book has been developed out of my notes, which have 
been revised from time to time. 

While preparing the manuscript of the book, 1 have been helped, advised, 
and encouraged by my seniors, friends and colleagues working in various 
institutions/universities in India as well as abroad, and by my friends in 
personal life. I am heartily thankful to all of them. I would like to thank 
my students for their feedback for improvement of the notes. I would like 
to thank authors and publishers of those books which I consulted for my 
teaching as well as during preparation of this manuscript. 

I am grateful to Prof. JV Narlikar, Prof. Dr WH Kegel and Prof. 
SP Khare for their encouragement. I am thankful to my PhD students, 
Mr Bhagwat K Kumthekar, Mr GM Dak and my son, Mohit K Sharma for 
their help in preparation of the manuscript and verification of some 
derivations. Special thanks are due to my wife Pumima Sharma for her 
valuable cooperation in my life and for sharing a major part of the 
responsibility of family affairs, so that I could spend my time for this book. 
In the last but not the least, I am highly thankful to the publisher for bringing 
out this book nicely and in a very short time. 


Suresh Chandra 


/ 
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Plasma State 


Three states of matter, known as solid, liquid and gas, are generally 
known to a common person. Any one of these states can, in general, 
be converted into another through the exchange of energy. In day-to- 
day life, H 2 O molecule is a remarkable example, as it is found in all the 
three states, as ice (solid), water (liquid) and steam (gas). Obviously, by 
supplying energy to the matter, solid state can be converted into a liquid 
one, and a liquid state into a gaseous one; for the reverse process, the 
energy is extracted out from the matter. In some cases, it is possible to 
convert solid state into a gaseous state. NH 4 CI is example of such case. 
Further supply of energy to a matter in the gaseous state, breaks the 
molecules into its constituent atoms, and then the atoms are stripped off 
their electrons producing, positive ions and negatively charged electrons. 
The amount of energy required to liberate an electron from an atom is 
known as the ionization potential * 1 . This supplied energy may be in the 
form of heat, radiation, due to collision or due to chemical reaction. 
Ionization due to heat occurs at very high temperature of the order of 
million Kelvin which can be produced in the laboratories. This state of 
matter where charged as well as neutral particles exist simultaneously 
is generally known as plasma. This term ‘plasma’ was first coined by 
Langmuir in 1923. Thus, the plasma may be defined as the following: 

Plasma is a quasi-neutral gas of charged and neutral particles which 
exhibit collective behaviour. 

As the plasma is found in a natural form in a number of cosmic objects 
and in the upper atmosphere of the earth, therefore, it is sometimes 


^rom an atom, having more than one electron, electrons may be liberated one 
by one. Thus, an atoms can have several ionization potentials; each subsequent 
ionization of an atom has larger value of ionization potential. 

1 
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2 Plasma Physics 


defined as 

the fourth stale of matter. 

When the gas is ionized, its dynamical behaviour is influenced by the 
external electric and magnetic fields. Moreover, the separated charged 
particles within the plasma give rise to new forces between the con¬ 
stituent particles. Thus, the properties of the plasma become quite 
different from those of neutral atoms and molecules. In this chapter we 
shall discuss some processes and properties of plasma. 


1.1 Natural plasma 

Natural plasma exists in some cosmic objects like interiors and atmo¬ 
spheres of hot stars, planetary nebulae, regions of ionized hydrogen in 
the interstellar medium, and the upper atmosphere of the earth. On the 
earth, plasma can however be produced in the laboratories. The reason 
for finding natural plasma in the cosmic objects and not at the earth 
is due to the large differences in density and temperature in the two 
regions. On the earth, the density is very large and temperature is very 
low as compared to those in the cosmic objects. Some regions where 
natural plasma is found are as the following. 

1.1.1 Ionosphere 

Streams of charged particles, known as solar wind , are being continu¬ 
ously emitted by our sun. Some of these charged particles reach up to 
the upper atmosphere of the earth. Moreover, intense radiations ( 7 -rays, 
x-rays, UV radiations) coming from the outer space ionize the upper at¬ 
mosphere of the earth. This upper atmosphere of the earth is known 
as the ionosphere. It is about 50 km above the earth's surface. Since 
hazardous radiations ( 7 -rays, x-rays, UV radiations) are absorbed in 
the upper atmosphere of the earth, the earth’s atmosphere thus plays 
important role in our life by shielding us from the hazardous radiations 
coming from the outer space. This ionosphere is used for communication 
purposes, as the radiations of frequency less than the plasma frequency 
are reflected back by the plasma in the ionosphere . 
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1.1.2 van Allen belts 

The investigations made by satellites found two regions, known as the 
van Allen radiation belts, which envelop the earth. One belt is at.a 
distance of about 9700 km and second at 22,500 km from the surface 
of the earth. The thickness of inner and outer belts is respectively 
about 4800 km and 8000 km. The belts contain charged particles (ions) 
trapped between the magnetic lines of force. 

1.1.3 Aurorae 

Above the earth’s magnetic poles, the charged particles have free access 
to the earth’s surface, as the lines of magnetic field are concentrated 
towards the surface. These charged particles interact with the molecules 
of the upper air, causing a glow from time to time. These glow are the 
aurorae which are also known as the northern lights and southern lights. 


1.1.4 Solar corona 

Two strong emission lines at A 5303 A and 6374 A were found in the solar 
atmosphere. Later on some more lines were found in the spectra of the 
sun. These lines could not be assigned to any of the known atoms or their 
singly ionized ions. Since the estimated temperature of the photosphere 
around the sun is about 6000 K, scientists could expect either atoms or 
their singly ionized ions in the solar atmosphere. In absence of any atom 
to which these lines could be assigned, scientist coined a name coronium 
to some unknown atom. No one knew about the physical properties 
of this coronium, except to say that it was responsible for generation of 
those unassigned lines. Later on, through laboratory studies at very high 
temperatures it was found that these unknown lines could be generated 
by highly ionized ions. For example, the lines at A 5303 A and 6374 
A are generated by Fe XIV (thirteen times ionized iron, Fe +13 ) and 
Fe X (nine times ionized iron, Fe +9 ), respectively. Since these highly 
ionized ions are produced at a temperature of million Kelvin, their was 
no alternative but to accept that the temperature in the corona around 
the sun is of million Kelvin. 

In spite of energy losses due to radiation as well as conduction, the 
temperature of corona is found maintained at million Kelvin. It is indeed 
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a challenging task before the scientists to find out the source f 

coronal heating. Such coronae are found around a number ^ ^ S °^ r 

er °f stars. 

1.1.5 Core of the sun 


As an explanation of the source of energy in the sun it i s 
tablished that in the core, the temperature is of the ordc ^ ^ 
I< and the process of fusion of four hydrogen nuclei into a h • * l0n 

deus is going on. Thus, the core of the sun is so hot that th c 1Um ^ 
there is in the plasma state. Besides the fusion of hydrogen n ° 
helium nucleus, in some stars, CNO cycle or triple a reactions^ 161 ^ * 
on. Consequently, in the cores of the shining stars, the temped 
sufficiently high to maintain the nuclear reactions. Hence the 1S 
in the cores of stars is in the plasma state. ma terial 


1.1.6 Hu regions 

In some parts of the interstellar medium, temperature is so high th 
the hydrogen gas is in the ionized state. These regions are general 
known as the Hu regions. These regions are either associated with th 
evolved stars (stars in the late stage) or they form a big cloud in which 
the process of star formation is going on. 


1.2. Concept of temperature 

Let us first understand the meaning of ‘temperature’ of a gas whose 
constituent particles may be neutral or may have charge. In a gas 
in thermal equilibrium, the constituent particles interact (collide) con¬ 
stantly with one another and move with various velocities. The most 
probable distribution of velocities of these particles is known as the 
Maxwell-Boltzmann (MB) distribution. Though this velocity distribu¬ 
tion is three-dimensional distribution, we however first consider one¬ 
dimensional MB distribution expressed as 

f(u) = A exp(— ^ mu 2 /KT ) . (1.1) 

where u is the velocity deviation of a particle relative to the average 
velocity, f(u) d u the number of particles per unit length having velocities 
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_ 6 ran S e f rom w to u + du, m the mass of a particle in the gas, K the 

oltzmann constant 2 and T is a physical parameter of the gas, termed 

as the temperature . The density n, the number of particles per unit 
length is 

/ OO 

f{u) du 

-OO 

f 00 /I 

= J A ex P(~ g m u 2 /KT ) du 

On defining 

v th = ^2 KT/m and y = u /v th 

we have 

f°° _ 2 

n = A e y v th dy 

J — OO 

= Av th f e~ y2 dy = Avthsfn = aJ^^- 

— OO V 771 

Here, A is assumed to be independent of velocity of particles. Thus, 

, I rh 

A = ri\ - 

V 2t tKT 

A is found to depend on temperature of the gas, and thus, the distribu¬ 
tion function (equation 1.1) is 

S(U) = eXP (“ \ mu2 / KT ) 

Variation of the distribution function f(u ) with the velocity u is shown 
in Figure 1.1 for three temperatures, 100,120 and 140 K. The figure shows 
that with the increase of temperature, the number of particles having 
average velocity (corresponding to u = 0) decreases, but the width of the 
graph increases such that total area under the curve is constant, giving 
the density of particles (i.e the number of particles per unit length). 

2 We have used K for the Boltzmann constant because k will be used for the wave 
vector. 
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In order to understand the meaning of T, we compute mean kine tic 
energy of the particles averaged over the MB-distribution (1.1) as 

f°L j m« 2 /(«) d" 

Em = ' /(«) d “ ~ 

f^imu 2 A exp (-\mu 2 / KT) du 
= “ /^/lexpt-imuV^du ft-2) 



Figure 1.1: Variation of /(u) (in arbitrary units) versus u for three temperatures, 
100, 120 and 140 K. With the increase of temperature, the number of particles 
having average velocity (u — 0) decreases, but the width of the profile increases 
such that total area under the curve is constant, giving the density of particles 
(i.e., the number of particles per unit length). 


Here, we have assumed that the interaction between the constituent 
particles is very weak, so that the potential energy is neglected. However, 
the collisions between the particles take place momentarily. Using the 
relations 

v t h = \j2KT/m and y = u/v th 

equation (1.2) gives 

E a y 


l mv th 


I- 


"oo^-^d y 


IZ^ 2 dy 




(y/rr/2) 1 


VSF- = 4 m ^ 


1 2KT 1 

= -m -= -KT 

4 m 2 


Thus, for one-dimensional MB distribution, the average kinetic energy is 
KT/2- Thus, the temperature can be defined as the average kinetic per 
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degree of freedom divided by (K/ 2). Let us now take three-dimensional 
MB distribution 

f{u,v,w) = B exp[ - i m (u 2 + y 2 + w 2y KJ ^ ( 1 . 3 ) 

where u , u and w are three mutually perpendicular components of ve¬ 
locity. The density n of the gas is 

/ o° roo roo 

/ / f{u, V , w) du dv dw 

-00 ./-00 J —OO 

= L /-00 L B exp [ _ ^ m( “ 2 + 1,2 + ™ 2 )/^r] dv dv dtv 

= B /-oo eXp( “i m “ 2//fr) /°°exp(-Imv 2 /Jfr) dv 

* 7—00 2 , 

/*oo 2 

x / exp(--rmu 2 //rT) dw 

*7—00 ^ 

= 5 J— KT ,/ 27r ^ r fevKT _ / 2 ttKT \3/2 

V m V ™ V m V~7~] 

Here, B is assumed to be independent of velocity of particles. Thus, 

B = n (———^ 3/2 
V2tt KT) 

B is found to depend on temperature of the gas, and the distribution 
function (equation 1.3) is 

f(u,v,w) = 7 exp[- i m (u 2 +u 2 W)/tfT] (1 4) 

We compute mean kinetic energy of the particles averaged over this 
distribution (equation 1.4) 

/ OO roo roo 1 / 9 9 0\ / 

-00 J-00 J-00 2 m \ u + w jf{u, v, w) du dv dw 

roo roo roo 7/-:—: --- 

J—00 J~oo J —00 J ^17 dt? dll/ 

= I-ooI-ooIZ, l mu2 exp[-/m(n 2 + u 2 + w 2 )/KT] du du dw 
Ho /-°°oo /“oo ex P[“ 5 ™(« 2 + u 2 + w 2 )/I<T ] du du dw 

! r/-°°oo r° j m ^ 2 exp[-|m(u 2 + u 2 + w 2 ) //fT] du du dw 
/-00 /-00 /-00 ex P[ — 2 m ( u ^ ~b u 2 4- w 2 )//CT] du du dw 

+ Ho J-oo J-00 exp[-|rn(u 2 + u 2 + w 2 )/KT\ du d u dw 

/—00 /—do /—00 ® x p[~d - u 2 -j- w 2 )//sTT]du du dw ^ ^ 



Scanned by CamScanner 



























e quat 


; ion 


Let us compute one of the three parts on right side of 

r» f °°~ gl ^ ctp| ~ i m(u2+v2+w2)/kt i * . * *' 

'" JZ, G o /“oo exp[-im( U 2 + + »")/CTTSrjrd^' 

[Z-, \rnu 2 exp _ /-oo 2 mv th.y 2 txpf-u 2 i ,>^ ^ 

= /f^ exp(-|fr) dit /-” “Pf-y^KTdjP^ 

hmvlbs/n/% 1 2 

2-t ft V / mv f 


(U) 


1 /2tfT 1 


— = 7 mv th = -mi 
0F 4 m 4 ' 


= 2 " 


Similarly, other two parts would also have the value KT/2. Thus 
En 


= 1 -kt+\kt+ 1 -kt = 3 -kt 


Hence, a general result is that the average kinetic energy per degre 
freedom is [KT/2). As earlier, the temperature can be defined as ^ 
average kinetic energy per degree of freedom divided by (K/2) 

Temperature and energy in a plasma are so closely related that it • 
customary to express temperature in the units of energy. One eVen 
corresponds to a temperature of 11,605 K. ^ 

1.2.1 Simultaneous existence of several temperatures 

It is interesting to notice that a plasma may have various kinetic tem¬ 
peratures at the same time. It may happen as the ions and electrons 
may have independent MB distributions corresponding to different tem¬ 
peratures Ti and T e of ions and electrons, respectively. This can be 
understood as the rates of collisions among the electrons and among the 
ions may be larger than those among the ions and electrons. Thus, each 
of the species (ions as well as electrons) may have their independent 
thermal equilibriums. But, this situation of two different temperatures 
may not last long and they equalize fast. 

When the velocities of ions are much smaller than those of the elec- 

he°„ce the MrT. T electrons, and 

e the MB distribution is given by the electron temperature T e . 

two rnmt)’ T t eie K ” ag,letiC field ’ CTen a sin * fe species can have 

nents one al th “ " Vel ° dty ° f a P^Aas two compo¬ 
nents, along the magnetic field and the other perpendicular to the 
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magnetic field. The parallel and perpendicular components of velocities 
ma> have their different MB distributions corresponding to the temper¬ 
atures, Tj| and T ± , respectively. 

1.2.2 Electron and ion temperatures 

Thcic aie a number of ways by which plasma can be produced in a 
laboiatoiy. The electric discharge is the most common method for pro¬ 
duction of low temperature plasma. Other methods, such as thermal 
ionization etc. can produce only high temperature plasma, because the 
temperature is the main cause for the production. A plasma consisting 
of electrons, ions and neutral atoms shows a non-equilibrium property in 
the sense that different components are not equally heated. In contrast 
to an ordinary gas where all the particles have the same mean kinetic 
enei gy °f thermal motion, in the plasma various components (electrons, 
ions and neutral atoms) have different mean kinetic energies. As a rule, 
electrons have much higher energy than the ions and the kinetic energy 
of ions may be greater than that of the neutral particles. 

Since the mean kinetic energies of the three components is different, 
the plasma would be regarded as having three different temperatures, 

Ti, T a for the three species, such that T e > > T a . Very large 

difference between T e and T) is a due to the difference between the 
mass of electron and that of ions and the velocities with which they 
are moving. The external source of electrical energy which is used to 
produce and maintain the gas discharge communicates energy direct to 
the electrons. It is known that the fraction of energy transferred to a 
body of mass M by another body of mass m when collision takes place is 
less than Am/M (see discussion in chapter II) and in case of ion-electron 
collision, it is of the order of 2 x 10 '^/A, where A is the atomic weight 
of the element from which the ion is produced. 

The electrons must undergo a large number of collisions with the 
ions before it will loose most of its energy. As the processes in which 
energy exchange takes place between the electrons and ions occur in si¬ 
multaneous with the process in which electrons receive energy from the 
external sources, there is usually a large difference between the electron 
and ion temperatures. Under some special circumstances, the ion tem- 


( 
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perature in a highly ionized plasma may be larger than that of e lec tr 
Such conditions are found in high powered short lived electric discharg^ 
which are used in the studies of controlled thermonuclear discharges 
the arc discharge, the rate of collisions between electrons and i 0ns is 
quite high and that reduces the temperature difference. 

An expression for electron temperature can be derived in the foll 0w _ 
ing manner. Suppose E is the axial electric field in the discharge, then 
the energy gained by an electron per second is eEvd, where Vd is the drift 
velocity of the electron. This must be equal to the fraction of energy 
lost by the electron due to collision. Thus, we have 

eEv d = k(lm e vfyu> c (1.6) 

Here, u c is the collision frequency and v r the random velocity. Now, we 
have 

1 3 

and 


1 2 3 rx T 

-m e v r = -KT e 


v T 

~ T~ 


Here, A e is the mean free path of electron in the gas. The drift velocity 
Vd = fiE, where the mobility // = e/m e u c . For these relations, from 
equation (1.6) we get 


efiE 2 = k(^KT e )u>, 


e 2 E 2 


m* 


=k{^-KT e y c 


e 2 ^ 2 

e 2 E 2 


TUr- 


= k (l KT *) 

= k (l KT ') 


Ur 


vi 


A e 2 


e 2 E 2 \l = k(p{T e )m e v 2 r = k(^K 2 T 2 ) 

Thus, the electron temperature is 

y, _ >/2 eEXe 

3 VkK 

The mean fiee path A e is inversely proportional to the pressure P of 
the gas and k can be regarded as Am/M (which is valid only for elastic 
collisions), then we have 


T e = C 


E 

P • 


where C is a constant. 
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Ot lu'i alternative expressions for electron temperature have been de- 
mocl by other scientists. However, T c is found proportional to (E/P) 
up to 1.5 V/cm nun Hg in argon and neon. 


1.3. Debye shielding 

A fundamental characteristic of plasma is that it can shield out electric 
potentials that are applied to it. In order to understand it, let us put an 
electric field inside a plasma by inserting two charged balls connected 
to a battery (Figure 1.2). Here, we assume that a layer of dielectric 
restricts the plasma from recombining on the surface or the battery is 
large enough to maintain the potential in spite of recombination. Now, 
the balls almost immediately would attract particles of opposite charge 
and a cloud of positive ions would be formed around the negative ball 
and a cloud of electrons would be formed around the positive ball. 




plasma 


+ -t 


+ f + 


d- + 


+ +(-) + + 
+ +v_y+ + 

+ + + + 

+ + + 


Figure 1.2: Shows two charged balls connected to a battery and inserted 
inside a plasma 

In case the plasma is cold and there are no thermal motions of 
charged particles, the surrounding cloud in each case would have as 
many charges as there are in the ball. Thus, in the plasma, outside 
the clouds, there would be no electric field and the shielding is prefect. 
On the other hand, if the plasma temperature is finite, tho particles at 
the edge of the cloud (there electric field is weak), have enough thermal 
energy to escape from the electrostatic potential well. The edge of the 
cloud is estimated to occur at the radial distance where the potential 
energy is approximately equal to the thermal kinetic energy KT of the 
particles. Consequently, the shielding is not complete. 
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Lot us calculate tin* approximate thickness of such a charge cloud 
Suppose the potential <j> on the plane x = 0 is kept at a value 0 O by 
perfectly transparently grid (Figurc 1.3). Here. a. is the distance measured 
radially. Now, our object is to compute <f>{x). For simplicity, we assume 
that < he ratio M/m c (ratio of the mass of positively charged ion and that 
of election) is very high (infinite in the mathematical language), so that 
the positively charged ions do not move but form a uniform background 
of positive charge through which the negatively charged electrons are 
moving in the gas. Since the situation is spherically symmetric, wc 
can account for the radial variation. Thus, wc consider one-dimensional 
Poisson equation 


e o V 2 0 = -q 


eo 


d 2 0 

dx 2 


= -e(n t - - n c ) 


(1.7) 


0 


00 . 



Figure 1.3: Variation of potential as a function of distance. 

Here, we have accounted for the hydrogen plasma, and hence the posi¬ 
tively charged ions are protons. At large distance, density of protons is 
equal to that of the electrons and is denoted by n. As the protons are 
not moving, the density of protons n, is ti everywhere. Thus 


iii = n 


( 1 . 8 ) 


L" - • 


Scanned by CamScanner 









Plasma State 13 


In the presence of a potential energy </</;(= — C(f>). the electron distiibu 
tion function is 


/(?/) = A exp — (^-m r u 2 — ecf^J / KT C 


( 1 . 9 ) 


where T, is the electron temperature, u the velocity of electron. Electron 
density is 

TOO 

n c = / /(«) fl u 

.1 -OC 

= f A exp I" — (~m c u 2 — e<j)\/KT C dv 
J — OC L ^ 

/ CO / 1 o \ 

expf - -m c u /KT e .j d u 

-CO ' ^ 


= A exp(e<f>/KT e ) 


' 2-jiKTp 


m< 


At large distance 
x —> oo 


0->O 


n P —► n 


n = A 


l2nKT e 


m P 


Thus, equation (1.10) becomes 

n e = n exp (e(j)/KT e ) 

Using equations (1.8), (1-9), and (1-11) in (1-7), we get 


d 2 (p 

eo d^ = 


= en 


= en 


n — n exp(e0//<'T e )| 

exp (e(f)/KT e ) — lj 
ecj) 1 / e<p 


2 \\KTJ J 


1 + KT e + 2! \I<T e 

\ e<j) l /_e0_\ 2 

— eU \-KT E + 2 ! \KT e ) + "' 


( 1 . 10 ) 


( 1 . 11 ) 
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Thus, 

dj/> _ ne 2 d 2 0 _ 0 

fo d*2 “ at/ (1.12) 

where 

a d = (^) ,/2 

v nc z / 

Solution of equation (1.12) is 

0 = C exp(— larl/Ax?) + D exp(jx|/A D ) 

Second part on the right side of this equation is not feasible as it, shows 
unphysical situation of increase of potential with the increase of distance 
Hence, the constant D is substituted equal to zero. Thus, we have 

0 = Cexp(-|x|/A Z) ) (U 3 ) 

At x — 0, we have 0 = 0 O - Thus, C = 0 O , and equation (1.13) becomes 

0 = 0o exp(- \x\/X d) 

The parameter Xq is known as the Debye length and is a measure of the 
shielding distance or of the thickness of the sheath. Thus, Debye length 
is the distance at which the potential drops by a factor e. 

1.4. Fundamental concepts 

In this section, we shall discuss about some basic properties of plasma. 

1.4.1 Kinetic pressure in a partially ionized gas 

For an unionized gas having n particles per unit volume at temperature 
T, the pressure is P = nKT. On partial ionization, the gas generally 
has three components: (i) electrons, (ii) positive ions and (iii) neutral 
particles. Suppose x denotes the fraction of particles ionized. For hy¬ 
drogen plasma, in a unit volume, there would be nx electrons arid nx 
protons and t ?.(1 x ) neutral particles. At a kinetic temperature T 1 , the 
pressure exerted by these species is nxKT, nxKT, and n(l - x)KT , 
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respectively. Following the Dalton’s law for partial pressures, 
pressure P, of the ionized gas is 

P t = P r + Pi + P a 

= nxKT + nxKT + n(l - x)KT 
= n(l+x)KT=(l+x)P 

It shows that on ionization, total pressure of gas increases. For fully 
ionized gas we have x = 1 and total pressure becomes two times tia o 

the neutral gas. That is, Pt = 2nh T. 

1.4.2 Mean free path and collision cross section 

Following kinetic theory of gases, the mean free path is defined as the 
mean distance traveled by a particle between two successive co isions 
and is denoted by A. The time r required to cover the mean free path is 
known as the mean free time. The reciprocal of mean free time, gives 
number of collisions the particles occurred per unit time and is known 
as the collision frequency denoted by Thus, for the random velocity v 
of particles, we have A = v/u. The parameters A, r and i/ can be related 
to the characteristics which determine the collision process between the 
particles by introducing the concept of effective collision cross section. 

In the classical scenario, a collision is said to occur when the distance 
between the centers of colliding particles ia less than 2 a where a is the 
radius of each particle, assumed to be a rigid sphere. The quantity 2a is 
known as the effective collision radius and the quantity tt(2 a) = 4?ra 
is known as the effective collision cross section. Assuming Maxwell- 
Boltzmann distribution, the kinetic theory of gases shows that the mean 

free path is 

1 = J_ 

4n7ra 2 ncr 


A = 


where a denotes the effective collision cross section. 

For obtaining the mean free path in a plasma, we have to account 
for the interaction between charged particles in it. A partially ionized 
plasma has three components: (i) electrons, (ii) positive ions and (iii) 
neutral particles. For neutral particles, short range forces are acting 


1 * 
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among them only when the particles approach each other within a dis¬ 
tance of 10“ 10 to 10 -9 m. In case of the charged particles, the forces 
among them have very long ranges and are appreciable even at very 
large distances. Thus, in a plasma. Coulomb forces play dominant part. 
In a plasma, each charged particle is in the field of remaining charges 
particles (electrons and ions). Due to random motions of ions and elec¬ 
trons. this field is subject to continuous variation in magnitude as well 
as in direction. 

This plasma field gives rise to a continuous variation in magnitude 
and in direction of the velocity of a charged particle in the plasma. 
Due to electrostatic interaction between the charged particles, it can be 
found that the gradual change in the direction of velocity is the result of 
a large number of weak interactions. In considering the charged particles 
collisions, one has to define what kind of interaction can be regarded as 
collision. A collision is generally defined as an interaction which leads 
to a deflection or scattering of a particle in the Coulomb field of other 
particle through a large angle, say 90° or more. Further the deflection of 
90° can be achieved through a large number of encounters which a single 
particle may suffer due to multiple interactions of the single particle with 
many other particles. This is known as the long range encounter. In a 
partially ionized plasma, let us consider an electron as a test particle 
moving through the ionized gas. 

The test electron will start its motion in a direction and after some 
successive deflections due to Coulomb field of ions, say, the electron will 
suffer a total deflection of 90° or more. The average time required for 
such a process to take place is known as the electron-ion collision time. 

In the same manner, we define an electron-electron collision time and 
the electron-neutral time. If z/ ei -, u ee and v ea denote the frequency of 
collisions of an electron per unit time with ions, electrons and neutral 
particles, respectively, the total frequency uj c of collision is 


U C = Vei + U ee + U ea 

Without considering the distribution of velocities it can be shown from 
the kinetic theory that the particle cross section <j c is related to the 
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mean free path A through the relation 

1 

° c ~ nX 

where n denotes the particle density. If Q is the cross section of all the 
particles of the gas then we have 

^ 1 
Q = no c = - 

where the total effective cross section Q will depend upon n the number 
of particles per unit volume and thus upon the pressure and temperature 
of the gas. Whenever a collision between an electron and a gas particle 
takes place, it may be elastic collision or inelastic one, resulting in the 
excitation or ionization. If P c /, Pion and P<> x denote the probabilities for 
elastic, ionization, excitation processes, respectively, then 


Q — PelQ ~b PionQ “b P°xQ 
= Qe + Qi + Qex 

This simple relation showing addition is only possible as long as the 
state of the gas remains substantially unchanged, i.e, the total number 
of the collision products is small as compared to the number of particles 
present and as long as the processes are independent of one another. 

1.4.3 Mobility of charged particles 

For a neutral gas, we are concerned with the random velocity distri¬ 
bution. But in a plasma, besides this random velocity, the constituent 
particles move as a whole in the direction of the applied electric field, 
depending on the nature of charge, and thus have a drift velocity. The 
drift velocity acquired per unit field gradient is known as the mobility. 

Let us consider the case where an electron is acted upon by an al¬ 
ternating e.m.f. E = E 0 cosut, where E 0 is the magnitude and u the 
angular frequency. When we consider the collision of electrons with gas 
particles and if / is the restoring force per unit drift velocity then the 
equation of motion of electron is 

m + fv d = eE 0 e iut or ^ E 0 e tuJt 


/ 

A 
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lhn is the collision frequency of the electron with gas Pnr . 
where ui, - // ' lull where A is a constant, we get 

tides. Assuming 1 1 

A = g£ b 

or m(u c + iu) 


A(uj, + Ja; ) = jn 
and the drift velocity is 


For a d.c. field we have 
e£o 


eEg 


Jjjt 


A = 


V, ‘ TTliuJc + *>) 


and 


v<i = 


mu c 


cEq 

mu c 


and mobility 


= 


Vd _ e 
Eg mu) c 


1.4.4 Effect of magnetic field on mobility of electrons 

Let in an electric field E = Eg coswt acting along *-axis, electrons are 
moving with a velocity v= v x i + v y j. Suppose, we apply a transverse 
magnetic field H along 2 -axis. Then the equation of motion of electron 

is 


dv ^ p 

m ——I- mu c v +ev xH=E 
at 


Thus, we have 


du 


+ u c v x + u >HV y = —Eg e 
d t m 


iut 


du 


+ u c v y - ujjv x = 0 


(1.14) 


(1.15) 


where u // = eH/m is known as the electron cyclotron frequency. If we 
assume that v x = A e ?wt and v y = B e wt equation (1.15) gives 


B(iu + u c ) = Aujj 

then equation (1.14) gives 

Afuc + iw + y- 1 ^. A = -Eg 
v (u; c + iu) ' rn 


B = 


Auh 


{iu + u c ) 


eEgjm 


u c iu 4- u'jj /{u c iu ) 
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1 lms. wr have 


v T = c£l o(^r + iu;) e ,UJ ‘ 
7r/[(oj c + iu)) 2 + w'jj] 

For d.c. field. w = 0 and we have 


V x = eEpUJe 

+ w 2 „} 

and mobility 

nu = ^ = _ g* 

Eo m\uj 2 + u>jj] 


mo) c [l + UljjT 2 ] 1 + ujjT 2 

where n is the mobility in absence of the magnetic field and r = l/u c 
the time between successive collisions between the electron and neutral 
particles. It shows that in the presence of magnetic field, the mobility of 
electrons is reduced in a direction perpendicular to the magnetic field. 

For ions, almost similar expression can be derived. But since mass 
of ions is much larger than that of electron, the effect of magnetic field 
on the mobility of ions is very small. 


1.4.5 Thermal conductivity 


In a thermonuclear plasma, there exists temperature gradient and the 
energy is lost through thermal conduction. The temperature is always 
high at the center of the plasma than at its surface and therefore there 
is a radial flow of energy. Taking x-axis along the temperature gradient, 
the energy flux is 


where K denotes the thermal conductivity of plasma. The number of 
particles flowing through the origin due to collisions between x and x+dx 
is 

dn c = n e~ x / x dx 
6A 

Here, we assume uniform density but the velocity v of the particles is 
a function of x due to the fact that temperature which is a function of 
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velocity has a spatial variation. As in the case of diffusion, the energy 
of each particle is m[v(z)j 2 /2 and energy flux in the region between x 
and x + dx is 


d0 = — [v(x)] 3 n e x/A dz 
The net energy flow in the x direction is 

^ = rS lLj v ^° x/x dx ~ Jo H x )f e ~ x,x dx ] 

Here, the first integral represents the incoming flux whereas the second 

integral represents the outgoing flux. Expressing 

. . dn 

v(x) = v 0 + —x 


dx 


we get 


and therefore 


dv 


[v(z)] 3 = Uq + 3 xvl — 


dx 


4> = ^ [t'o J e x/A dx-vl J e x/A dx + J 3xv$ e x/A dx 


0 dx 

roo _ dr; 


- [ 3xvq -^e X ! x dx] 
Jo dx J 


Since 


r o , 

/ e x / A dx = A 
J—O O 

we have 


and 


roc 

/ e 

Jo 


e" x / A dx = A 


, mnvk dv r f° , f°° ,, ■> 

^"irsf/oo * 6 dx ~J Q xe 'H 


4 A dx lj—oq jq 

_ mnvQ dv 2 _ mnv oA dv 
4A dx 2 dx 


When the velocity distribution of particles is Maxwellian, we have 


so that 


1 o 1 

2 mv = 2 
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and therefore 


where 


nvXK dT 
4 dx 


= -K 


d T 

dx 


jr; _ UVXK 

4 


As discussed earlier, using the relation between scattering cross section 
o c and A as cr c = I/71A, we have 


4cr c 

1.4.6 Dielectric constant of plasma 

Suppose plasma is subject to an oscillating electric field E=E 0 e iwt , 
where ca is frequency of the applied field. Due to this field a current 
flows in the plasma and when collisions of charged particles with neutral 
atoms are neglected, the equation of motion is 


m = e Eo e wt 
at 

For non-relativistic motion, mass of the particle remains constant and 
integration of this equation gives 


- = £^o e i„ t = ^E_ 

miu miui 

For convenience, the constant of integration is assumed to be zero. If n 
is the number of p'articles per unit volume, the current density is 


(1.16) 


i r = nev — 


ne 2 E 
miuj 


(1.17) 


From Maxwell equation, we have 


„ - (. d E\ 

Vx B = //o^c + eo-^-J 


Using expression for E and equation (1.17) here, we get 


_ y / 12^ > v —+ / (jj \ 

Vx B = Ho (—:-b e 0 iu;E ) = j^E (1-1) 

V 77mj / \ LJ Z S 


miu 


Up 


(1.18) 
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where u/ 7 > 


= \h ic 


TT/fiiCf) is the electron plasma frequency, jf f 


dielectric constant, we have 


ls «i ( 


d E 


Vx B = ( , ^ 

FVom equations (1.18) and (1.19), the dielectric constant e is 


e = l- 


U r 


or 


This equation shows that when u p < w, the dielectric constant is positive 
and the wave can propagate. But when u p > u, the dielectric constant 
is negative and the wave cannot propagate. The cut off takes place wh en 


Inclusion of collisions 

When collisions of electrons with neutral atoms are taken into account, 
the equation of motion is 

—► 

m^j- + mu c v= eEo e lU 

at 

where io c is the collision frequency for momentum transfer. When we 
take v=A e iu;t , we have 

miuA e iu + mco c A e iujt = eE 0 e lut 


so that 



eEo 

m(ico 4- a > c ) 


and 

eEo elut _ eE {to c — ico) 
m(ico + co c ) m{ co 2 + to 2 ) 


Therefore, we have 



nev = 


ne 2 E {to c ~ ito) 
m(to 2 + co 2 ) 


and 
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Vx B- /i 0 (?c + € a~) 


_ „ ne-E{u c -iu) . - \ 

- Pa l-7-5——~ + c 0 iuE I 

v w(uj 2 + uj 2 ) ) 

. 7; Wp(u> c —iw)\ 

-" oe,,,u;/;: (’ + Mifwij) d- 20 ) 

The dielectric constant is now obviously complex and therefore 

Jr 

Vx B= c 0 // 0 (e' - ie") — = e 0 //o(e' - it”)iujE (1.21) 

where c! and e" are real and imaginary parts of the dielectric constant. 
Prom equations (1.20) and (1.21), we have 


c' = l- 


Now, we have 


wz 


uj 2 + UJ 2 




U)(uJ 2 + UJ 2 ) 


de " = (t^c + ^ 2 ) - 2u;g 
dw c (uj 2 +u 2 ) 

It gives u c = u. It is therefore clear that when n the number of electrons 
per unit volume can be considered as constant with regard to variation 
of pressure, the loss e" becomes maximum when uj = u c . 

1.4.7 Optical properties of plasma 

Relation between dielectric and optical properties of gases was derived 
long back. Later on such relation for plasma has been obtained. In the 
preceding section we have obtained dielectric constant e for plasma as 


e = l~^ 


where uj p = i/ne 2 /mc 0 is the plasma frequency. Thus, the refractive 
index fi of the plasma is 


H = \l- 


ui. 


UJ 


1 - — 
n c 
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where n c is the electron density which gives the upper limit below which 
the radiation of frequency u cannot penetrate the plasma. When u> p is 
smaller than u. the radiation flows through the plasma. As the refractive 
index is less than one, the velocity of light in the plasma exceeds the 
speed of light in vacuum. When uj p is larger than u>, the refractive index 
becomes imaginary and therefore the incident radiation are reflected 
back from the plasma. When u p = the refractive index is zero, 
which is true only in case of an ideal plasma where collisions are not 
accounted for. When collisions are accounted for, the dielectric constant 
e = {e'- ie") is 

1 _ 

U > 2 + U > 2 + u>2 ) 


Thus, the refractive index /i of the plasma is 



UJl 


4- ur 


i , -^1 

1 + 1 — 

L u J 


1.5. Problems and questions 


1. Show that in Maxwellian distribution, average kinetic energy per 

degree of freedom is (AT/2). Discuss the concept of temperature. 

2. Write a short note on natural plasma. 

3. What is Debye shielding? Derive an expression for Debye length. 

4. Write short notes on the following 

(i) Plasma in ionosphere 

(ii) Plasma in van Allen belts 

(iii) Plasma in aurorae 

(iv) Plasma in solar corona 

(v) Plasma in the core of the sun 

(vi) Debye length 

(vii) Debye shielding 

(viii) Mobility of charged particles 
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(ix) Kinetic pressure in a partially ionized plasma 

(x) Mean free path and collisional cross section in a plasma 
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Production of Plasma 


For production of plasma, atoms in a gas are to be ionized, so that 
positively charged ions and electrons. For single ionization, the ^ 
of positively charged ions is equal to that of electrons. So.statinT^ 
a gas having one kind of atoms, we can have three species: (i) ^om ^ 
positively charged ions and (iii) electrons. For ionization of an atl!! ^ 
minimum amount of energy required is known as the ionization no!!’, ! 
of the atom. The energy may be supplied to an atom through vari 
processes and some of them are as the following: 

(i) Through collisions with external electrons 

(ii) Through absorption of a photons of proper frequency 

(iii) By heating the gas 

(iv) Through high intensity laser 


In this chapter, we shall discuss about the 
the above processes. 


production of plasma by using 


21 Production of pl» m , „ |||5im 

'z r* rrjiirr 

state. When some amount f 6 maj0nty of them -is in the ground 
some process, an ele“ ^ 40 ““ ^ 

(this process is known as the excitationT* ^ ‘° °" e ^ ““ ***. 

process is known as the ionization) In th” may *° ° Ut ° f ^ at ° m ^ 

in the ground or in an excited state ft 6 “ C ‘ tatl ° n process ’ an electron 

outer state. In case this energy fa suppL^T ^" 8 ^ “ 

sy s supplied by an external photon, the 


26 
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k ^ difference between the initial and final states of the electron must 
q al to the energy of the photon as well as the transition must be 
" ely allowed. Depending on the energy supplied, the atom can be 
. ou ^ ei states. The amount of energy suppled in the 

Tf f P locess is known as the excitation potential. In general, the 

levdT in s' 1 GXCited ^ ab ° Ut 10_7 “ 10 ' 8 s - ( Life time of a metastable 
T . Ve 1S S '^ Thus ’ an atom returns back quickly to a lower state, 

may ead to a cascading of electron and finally the electron comes to 
groun state. The process of going to lower energy states is known 
“ he excitation. In each deexcitation, a photon of energy equivalent to 
e energy difference between the two states is emitted. 


When the energy supplied to the atom is sufficient to detach an 
electron from the atom, the process is known as the ionization of the 
atom and the detached electron becomes free. The minimum energy 
required to detach an electron from an atom is known as the ionization 
potential of the atom. After one ionization, if the ionized atom has other 
electron, second electron can also detached and the minimum amount of 
energy supplied is known as the second ionization potential. The energy 
of successive ionization goes on increasing. 


One of the processes of supplying energy may be collision by elec¬ 
tron. When an external electron collides with an atom, it may give up a 
fraction of its kinetic energy to one of the electrons in the atom. After 
giving energy the external electron moves with a decreased energy and 
in a deviated path. During the collision, the energy is supplied to one 
of the electrons in the atom. Because of exchange of energy between 
target (atom) and projectile (electron), the process is known as inelastic 
collision. (In an elastic collision, there is no exchange of energy between 
target and projectile.) Remember that for the collisional transitions, 
there are not selection rules. All the transitions are possible. 

Suppose an electron of mass m moving with velocity v collides with 
an atom of mass M at rest. After collision, the electron and atom travel 
at angles 0 and (p with respect to the initial direction of the electron 
with velocities v\ and v 2 , respectively (Figure 2.1). Since the particles 
are moving without any interaction between them, there is no potential 
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energy. The conservation of kinetic energy gives 

i mv 2 = ^ rnv 2 + - Mv 2 (2.1) 

Conservation of linear momentum along and perpendicular to the initial 
direction of motion of electron is, respectively, 

mv = mv i cos 9 + Mv <2 cos 4> (2.2) 



Figure 2.1: Electron of mass m moving with a velocity v collides with an atom 
of mass M at rest. After collision, the electron moves with a velocity Vi in a 
direction 0 and the atom moves with a velocity V 2 in a direction o with respect 
to the direction of the incident electron. 

Equations (2.2) and (2.3), can be rearranged as 

mv — MV 2 cos 0 = rnvi cos 0 


and 

Mv -2 sin <p = mv\ sin 6 

On squaring these equation and adding, we get 

vn} v* + — e lmMvv2 c os 4> = m^v 2 

Equation (2.1) can be expressed as 

m 2 v 2 - Mmv\ = m 2 v 2 


(2.4) 


(2.5) 


Scanned by CamScanner 





Production of plasma 29 


v 2 = 


2m cos (f> 
(M + m) 


v 


tractiug equation (2.5) from (2.4), we have 
M(M + Tn)v\ = 2Mmvv2 cos 0 
energy given to the atom E a is 

£a = ~ MvZ = i a / f 4m 2 r ; 2 eos 2 0 4mAf cos 2 4> „ 

2 2 lFT^F = -(M + m) 2 E * 

where E r = n??) 2 /o : 0 +u 

is murVi n 16 ener ®y incident, electron. Mass of electron 

much smaller than that of atom and taking , = 0, we have 

B. = 

M 

^troTpef^ ^ K ^ " tHe ^ l0St by 

thus for earh r lv • ' hydr0 S en at °m, we have M = 1836 m and 

of its tit? W ' th hydr ° gen atom ' a ” Cotton can loose 1/459 

1 den „? nergy ' F0 J COl,iSi ° n WUh 0th “ ato -’fractional ! of 

X Zl L 7 f SmaUer - HenCe ' th<S daa * collision is 

to the • ! “ Ual energy ' Since lots is proportional 

to the initial energy, if an electron strikes with large energy a state 

777 firth the ener8y tranSferred iS Sufflcient tOT ionization of the 
would be -7 ener , gleS ’ the enersy above the ionization potential 

elect! 7 ^ the emi ‘ ted eleCtr0n ' Wth the emissi °n of 

electron, plasma is generated. 


2.1.1 Townsend theory for collisions ionization 

Utilizing the process of collision of electrons with atoms, Townsend de¬ 
veloped a theory as the following. Suppose an electric field E is applied 
between two parallel plates separated by a distance d. One of them is 
cathode, emitting electrons. At a distance * from the cathode, suppose 
n be the number of electrons crossing per unit area per unit time. In 
a thickness dx, the number of electrons is n dx and the number of ions 
produced by the electrons is proportional to n dx. Suppose dn be the 
number of ions produced by these electrons, then we have 

dn oc n dx dn = an dx 
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where n is known as the Townsend's first ionization coefficient. Here, 
we have neglected diffusion and recombination of electrons. The value of 
a depends on pressure P in the medium and the electric field E between 
the plates. Integration of above equation, the number of electrons on 
the opposite plate (anode) is 


where n o is the number of electrons per unit surface area produced at 
the cathode. If io is the initial current at the cathode and i the current 
at the anode, then we have 

^- = -=e a<i 
io N-o 

Townsend made an assumption that the energy gained by the electron 
in moving a distance / must be equal to the ionization potential V t of 
the gas. Thus, we have 


eEl = eV t l=-1 

E 

The probability that the electron will move a distance l without collision 
is exp(—//A), where A is the mean free path of the electron in the gas. 
Thus, the number of collisions per unit length is exp(-//A)/A. If we 
assume that each collision will result in ionization then the number of 
ions produced per cm per electron which is defined as a is 

e~*A e ~(Vi/EX) 
a =- =- 

A A 

Since A = L/P, where L is the mean free path of the electron in the gas 
at one atm and P the pressure of the gas. Then we have 
e -(V,P/EL) 

Q = T/P % = \ e-UWL) 

Townsend introduced two constants A = \/L and B = VJL which 
depend on the gas. Thus, we have » » w ic 


% = A «P( - -£fp) (2 . 6) 

Townsend then argued that had this been the only process, the variation 
of current with voltage would have been represented by i = j 0 e *d 
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But. actually the current increases very rapidly beyond a certain applied 
voltage. Townsend made an assumption that at this stage the secondary 
electrons are produced by the positive ions themselves as they impinge 
on the cathode surface. Besides the positive ions, photons incidence on 
the cathode surface can also produce secondary electrons. 

For n = no e nd , the number of electrons produced by a single electron 
is e ad and the number of positive ions produces (c nd - 1). 1 These positive 
ions move towards the cathode and incident on it. Suppose 7 is the 
number of electrons released from t he cathode due to the incidence of a 
single positive ion, then the number of electrons produced by the positive 
ions is 7 (e ftd — 1). These electrons will produce 7 (e“ rf — l ) 2 electrons due 
to collisional ionization in the gas. At the same time 7 (e Qrf — l ) 2 positive 
ions will incident on the cathode surface and will produce 7 2 (e ftd — l ) 2 
electrons. These electrons will now produce 7 2 (e m/ - l ) 3 electrons in the 
gas. This process will continue and the total number of electrons will be 

e ad + 7 (e Qd — l)e ad + 7 2 (e ad — l) 2 e ad + ... up to infinity 
= e Qd [l + 7 (e ad - 1 ) + 7 2 (e ad - l ) 2 + ... up to infinity] 

p ad 

= -—,- (2.7) 

1 — 7(e ad — 1 ) 

7 introduced by Townsenc is a measure of secondary ionization and is 
known as the Townsend’s second ionization coefficient. 

2.1.2 Breakdown potential 

It is found experimentally that at a certain value of applied potential, the 
current flowing has a tendency to increase to an extremely high value. 
Equation (2.7) indicates that the current tends to become infinite when 
the denominator approaches to zero provided that the assumptions made 
are valid. This condition physically represents the breakdown of the gas 
under the applied potential. Thus, the criterion for the breakdown is 

1 _ 7 (e«« - 1 ) = 0 ; 7 =^ 1 )! ln(l + t) = mi ( 2 . 8 ) 

i e ad is the total number of electrons which include the electron which has produced 

them. Hence, the total number of electrons generated is (e ocl — 1) and the same number 

of positive ions are produced. 
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From <H)uation.s (2.6) and (2.8), wp haw 

±ln(l + l)=Aexp (-£) 

l„(l + 1) = APd exp( - ~) 


Taking logarithm of this equation, we haw 


BP 

E 




For total potential difference V, between two electrodes for the break¬ 
down, we haw E = V t /d and using C = 1° ( IHo + iTt) ) ’ ** ® et 


K _ Bird) 

9 C + In (Pd) 


(2.9) 


Equation (2.9) shows that when (Pd) > 1, the breakdown potential V t 
increases with the increase of (Pd) as the numerator increases linearly 
whereas due to logarithm term the denominator increases wry slowly 
On the other side, when (Pd) < 1, the breakdown potential V M increases 
with the decrease of (Pd) as the numerator decreases linearly whereas 
due to logarithm term the denominator decreases more rapidly. Thus, 
V, is large for both small and large values of (Pd). Obviously, V 9 will 

be minimum for a certain value of (Pd) which can be obtained with the 
help of the condition 


dv; 

d(Pdj 


= 0 


2.2 Production of plasma through photo-ionization 

On absorption of a photon of proper frequency, an atom can go from a 
ower state to an upper state. The requirement here is that the transi 
t,on between the two states is radiatively allowed and the energy of the 
Photon is exact y equal to the energy difference between the twLates 
en energy of a photon is sufficient to move an electron in the atom 

1°;,: r,r: to a s,a *' ^ 

and the hberated electron is free to move outside. If V , is the ionization 


Scanned by CamScanner 


id.ii.num 


-- Production of plasma 33 

potential of the atom, ionization process may take place when frequency 
v °f a photon satisfies the condition 

hv > eVi 

Estimations show that frequency of the required photons for ionization 
atom lies in the ultra-violet, x-rays and 7 -rays regions of elec¬ 
tromagnetic spectrum. One of the natural examples of production of 

plasma by photo-ionization is the formation of ionosphere around the 
earth. 

The photons in the visible region of electromagnetic spectrum cannot 
participate in the ionization process. These photons can excite the atom. 
The life-time of these excited states is about 10 -7 — 10 -8 s. Thus an 
atom returns back quickly to a lower state. It may lead to a cascading 
of electron and finally the electron comes to the ground state. 

2*3 Production of plasma through thermal ioni¬ 
zation 

Besides the electronic impact and photo-ionization processes discussed in 
the preceding sections, plasma can be produced by thermal process. In 
this process, when a gas is heated, the atoms collide so violently against 
each other that electrons are knocked off and the atoms get ionized. For 

ionization potential say 5 eV, the required temperature can be estimated 
as 

e V = KT 1.62 x lO -19 x 5 = 1.37 x 10 _23 T 

It gives T — 59124 K. It shows that the temperature for thermal ioniza¬ 
tion cannot be obtained easily in a laboratory. Nowadays attempts are 
being made to obtain thermal ionization in laboratories and some suc¬ 
cess has been obtained. In the atmospheres of stars such temperatures 
of the order of 10 5 - 10 6 K can be easily found. For example, in the 
solar corona the temperature is about 2 x 10 6 K. It helps for production 
of plasma. 

Saha in 1920 developed the theory of thermal ionization and showed 
that the spectra of stars can be explained by assuming that in the stars, 
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atoms are excited to higher states and ionized by thermal ionization. 
For deriving an expression, Saha considered ionization of calcium atom 

Ca ^ Ca + + e (2.10) 

and neglected excitation processes. The process of ionization can be 
considered as reversible. The total change of thermodynamic potential 
in a reversible process is zero, so that 


00 = u 


where 0 is the thermodynamic potential expressed as 

4> = U + PV -TS 




( 2 . 12 ) 


Here, U is internal energy, P the pressure, V the volume, T the temper¬ 
ature and 5 the entropy. From equations (2.10), (2.11) and (2.12) we 
have ' 


<f>i + <t>e — (f>a = 0 


(2.13) 


where & d, and respectively represent thermodynamic potentials 

for -on, electron and atom. It is customary to use an associated function 
W instead of 0 expressed as 

* = _| = s _£f + PV 
T t 

With this definition of associated function *, equation (2.13) gives 

*' + 0 (2.14) 

The thermodynamical expression 4-. for example, for Ca atom is 

*« = Opaln T-RI„P a + R , n r(2j A n 3/2 KWg a ] Ua 

L h 3 J ~ y 

Here, the subscript a refers to atom, is the molecular specific heat o 

for the “^ the 

null^pmnt the temperature, M the mass of atom. Using = 5*/2, 

*a = \RlnT-RlnP a + R Xa \Q?MI!?K?!^ 

*• h 3 J j> 
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Thus, 

5 

~R ~ 2 ln T ~ ln Pa + ln 
Similarly for Ca + ion, we have 

• 5 

= 2 ln T ~ ln p i + In 
Here, we have used that mass of 
Now, for electron, we have 

^ In T - In P e + In 


L h 3 J 

^ a 

" PT 

■{2nM) 3 / 2 K'°/ 2 g i i 

Ui 

h 3 J 

RT 

ion is almost equal to tl 

-{27rm) 3 / 2 K 5 / 2 g e i 

Ue 


(2.15) 


(2.16) 


RT 


Using equations (2.15), (2.16) and (2.17) in (2.14), we have 


ln [^H lnr+in [ 


5 

2 


(27rm) 3 / 2 /C 5 / 2 

h 3 


+ In 


9i9e 1 


• 9a 




U_ 

RT 


(2.18) 


where U — U{ U a + U e . When we start from neutral atoms and go on 
heating, the atoms break in ions and electrons. Suppose we start with 
n atoms per unit volume and let a fraction x be ionized. Then we have 

Pi = nxKT P e = nxKT P a = n KT{ 1 - x) 

The total pressure 

P = P a + Pi + P e = n KT{ 1 + x) 

Thus, we can write 

x „ _ x 


Pi = 


P, = 


1+z ' c 1 + a; 

Using equation (2.19) in (2.18), we have 


P*=\^ x P (2.19) 


inf—p] = 5 mr + inf ^f^ 2 ! _ JL 

n-x 2 1 2 L h 3 j l q a j RT 


-1 — x 2 
This equation gives 
„2 


T(^) V Vt) 5/2 *~ VIKr (2.20) 

This is Saha’s equation for single ionization. When both single and 
double ionization occur, Saha’s equation is modified. Suppose, x\ and 
X 2 represent the degree of ionization for single and double ionization, 
respectively, we can find 

x 2 (a?i + 2rr 2 ) g ige / 27rm ^ 3/2 5/2 ~_ U/RT f ^ 

xdl+x 1+ 2xi) P --^(.-W) (KT) 6 (2 ' 21) 
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2.3.1 Application of Saha’s ionization equation 

In order to calculate percentage ionization of element with the help 
Saha’s formula under varying conditions of temperature and pressure, we 
need to know the heat of ionization. Let us consider the case of an atom 
A and the ionization process represented by A ^ A + + e. Suppose V* 
eV is the energy required for each ionization. Now, 1 eV — 1-62 xlO 
J and 4.18 J = 1 calorie. So, 1 eV = 1.62 xlCT 19 / 4 - 18 = 3.88 xlO ^ 
calorie. According Avogadro hypothesis, 1 gram mol has 6.17 x 10 
atoms. So energy required for formation of 1 gram mol is 

U = 3.88 x IQ' 20 x 6.17 x 10 23 V { = 23940 V$ calories 


For Na, we have V. = 5.12 eV. Thus, U — 23940 x 5.12 122 K calories 

In case of Ca, we have 

9e = 2 9i = 2 9a = 1 


The ionization formula for Ca is therefore 



5 r(27rm) 3 / 2 A 5 / 2 1 , . . 

2 lnT + ln r- & -J + In 4 — 


U 


4.573T 


Thus, the percentage ionization of an atom depends largely on temper¬ 
ature T and ionization potential U. Hence, the percentage ionization of 
elements in stars under various conditions of temperature and pressure 
can be obtained with the help of Saha’s formula by using the ionization 
potential and other spectroscopic data for the elements. 


2.4 Ionization by exploding wire method 


The method of exploding wire is a practical form used for ionization of 
gas in a laboratory. The ionization in this method is produced by the 
high temperature produced due to explosion of the wire. The method 
has two processes. 

(i) A large number of high capacity condensers capable of withstand- 
ing high voltage aie connected in parallel. This system is known as a 
bank of condensers. This system is connected to a high voltage source, 
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say of the order of 100 k V. The energy stored in the condensers is \CV 2 . 
For C — 100// F and V = 100 x 10 3 V, the energy stored = 5 x 10 5 J. 

(ii) The output of the condensers is connected to a metallic wire 
which can preferably be placed inside a gas tube. This tube can be 
evacuated to a certain degree of vacuum. The condensers are then dis¬ 
charged through the wire. Due to high increase of temperature, the wire 
explodes. This temperature can be estimated as the following. Let tti 
be the mass of wire and s the specific heat. Then 


where t is the initial temperature of gas and T when the wire explodes. 
If m = 10 gm, s = 0.9 (for Cu) and initial temperature t = 30° C then 


'S x 10 5 

10 x 0.9(T - 30) — -- T = 13320° C 

4.18 

Because of this sudden increase of temperature, the gas surrounding the 
wire undergoes the thermal ionization. Thus, the plasma is produced. 


2.5 Plasma production by laser 

With the development of laser, we got a new tool for plasma production. 
A gas, which is normally insulating and transparent to radiation at ordi¬ 
nary intensities, rapidly converts into a highly conducting, self-luminous 
and hot plasma when it is subjected to radiation from a powerful laser. 
The production of plasma is associated with the shock wave generation. 
According to Poynting theorem in electrodynamics, for a laser beam of 
intensity / (watts/cm 2 ), the electric field E (volts/cm) associated with 
the wave is E = 19.37 1 / 2 . From analogy of electrical breakdown of gases, 
we can assume that the electrical breakdown of gases with the laser beam 
and production of plasma are connected with the electric field. For a 
laser with the output intensity of 10 11 watts/cm 2 , the associated electric 
field is estimated to be 7 xlO 6 V/cm. The beams from ruby laser (A = 
6943 A) and neodymium laser (A = 10600 A) for a flash duration r = 
100 ns have been used in the production of laser plasmas. 

The process of plasma production can be divided into three distinct 
steps: (i) initiation, (ii) formative growth and the onset of the break¬ 
down, and (iii) plasma formation and generation of shock waves and 
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their propagation. It is a general practice to assume that breakdown of 
gas takes place when the electron concentration reaches a value of 10 13 
electrons per cc. After the production of plasma, it remains heated for 
substantially longer time than the duration of the laser flash. Then the 
energy of the plasma is dissipated by the processes of recombination, dif¬ 
fusion, radiation and conduction, and finally the local thermodynamic 
equilibrium is attained in a time of the order of 10 5 s. 

The process of laser ionization is quite different from the process 
of photon-ionization in the following manner. In a photon-ionization 
process, a single photon is used for ionization process. But, in the 
laser-ionization, a inulti-photon absorption is possible. For example, for 
ionization of helium with ionization potential 24.66 eV, in the photon- 
ionization process, we need a single photon having energy at least 24.66 
eV. But in the laser-ionization, a neodymium photon having energy 
1.17 eV can easily ionize helium by absorbing as many as twenty two 
photons. Suppose is the ionization potential of the gas then in the 
laser-ionization, an atom woul<F require Vi/hu quanta to ionize it. 

In an atom, we have discrete energy states. In the photon-ionization 
process, absorption of a photon can only take place when there is res¬ 
onance between an allowed state and the photon energy. But in the 
laser-ionization, existence of virtual states is assumed. According to 
this assumption, after absorption of a photon of frequency v, the atom 
can be in a virtual state with energy hu for a time At = \/v. In this 
virtual state, the atom can absorb another photon of frequency u. Af¬ 
ter absorption of second photon, the atom will have energy 2 hu and in 
this state will stay for a smaller time 1/2za The life-time of successive 
virtual states goes on decreasing. With the increase of the intensity of 
laser beam, an atom would be raised to higher and higher energy states 
until ionization takes place. 

Calculations for multi-photon ionization have been carried out by 
several authors. For example, Bebb and Gold (1966) obtained a gen¬ 
eral formula for the transition through intermediate states of an atom 
and found that the main contribution to the sum over the intermediates 
states is generally made by one or two terms namely those describing 
transitions to excited levels, the energy of which is very close to a mul- 
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tiple of the laser photon energy (quasi resonant transitions). 

Keldysh (1965) suggested a slightly different mechanism that under 
the action of extremely high field of the focused laser, there is finite 
probability for a bound electron to pass through the coulomb barrier 
and to rise to a higher energy state in the conduction band, ie„ to a 
free state. Keldysh derived a formula to describe the probability of a 
transition from a bound state to the virtual levels of continuous spectrum 
(no quasi resonant transitions). However, this formula found to give 
approximately the same value of the threshold flux densities as obtained 

by-Bebb and Gold. However, the frequency dependence is some what 
different. 

If F is the uniform photon flux per cm 2 per sec, the ionization rate 
e due to multi-photon absorption is found to be 


e = A F 1 


( 2 . 22 ) 


If / is the intensity of the laser beam per unit area then F = I/hu. The 
A defined as the probability of ionization per atom per unit time per 
unit flux is found to be 

, _ v? 

v K ~ l (K-\)\ ( 2 - 23 ) 

where a T is defined as a r = B/F. Here, B is the rate of excitation 
interactions from the r th to (r + l) th state and K is the number of 
photons the gas atom has to absorb to get ionized. \\ hen a gas of 
volume V at pressure P containing Pn 0 V atoms is illuminated for a 
time t by a constant uniform photon flux F , the number of electrons 
and ions created by multi-photon absorption is 

n(t) = ePn 0 Vt (2.24) 

where n 0 is Avogadro number 6.022 x 10 23 . Using equations (3.1) and 
(3.2) in (3.3), we have 

Pn Q Vto?F K 
U(t) = T* *\K - 1)1 

If the condition of breakdown is the release of a certain number n c of 
electrons in time t , we get 

_ PnoVtofF^ ( y \ (ric{K - l)!^/^ 


n c — 


' k ~ x {K - 1)! 


f th =f—u nc(A: - 1)! y 

TH \a r )\ Pn 0 Vtu / 
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where F TH is the threshold flux density for breakdown. Thus, for the 
multi-photon absorption process, the threshold flux dens.ty F TH should 
be proportional to P~'/ K and r 1 '*, showing that he dependence of 
F TH on pressure and time is very small. It requires that the product 
Pt should be very small of the order of 1(T 7 so that no collision ioniza¬ 
tion processes involving electron atom interactions are involved. It has 
been experimentally verified in case of helium, argon and nitrogen for 
50 Ps flashes of 6900 A radiation over a wide range of pressure. The 
very weak dependence of the threshold flux density on pressure indicates 
that the ionization is mainly dominated by the process of multi-photon 
absorption. 

2.6 Problems and questions 

1. Discuss Townsend theory for collisional ionization. Obtain expres¬ 

sion for breakdown potential. 

2. Discuss about the production of plasma by photo-ionization. 

3. Discuss about the production of plasma by thermal ionization. 

4. Distinguish between photo-ionization and laser-ionization of a gas. 

5. Write short notes on the following 

(i) Ionization by collision 

(ii) Production of plasma by photo-ionization 

(iii) Production of plasma by thermal ionization 

(iv) Production of plasma by lasers 
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State of a plasma is expressed in terms of its parameters such as (i) elec¬ 
tron and ion densities, (ii) collision frequencies of electrons with neutral 
atoms, (iii) electron and ion temperatures. Knowledge of these param¬ 
eters provides information about the plasma. There are some standard 
methods which can be used for measurement of these parameters. Fur¬ 
ther, we not only measure these parameters but also study how they 
change with discharge current, pressure and external magnetic field. In 
the present chapter, we shall discuss about some standard plasma diag¬ 
nostic techniques. 

3.1 Single probe method 

Electrical probes have been a fundamental tool for determination of 
some characteristics of plasma. In the single probe method, a small in¬ 
sulated wire or a plate (called a probe) is introduced into the plasma 
and a potential is applied to the probe with respect to one of the elec¬ 
trodes (Figure 3.1). As the probe potential is increased from a relatively 
negative values through zero to positive values, the current drawn from 
the plasma will change as shown in Figure 3.2. When the probe potential 
is sufficiently negative with respect to plasma, the probe will receive 
only the positive ions and we get the constant current along AB. This 
current known as the random ion current, denoted by i r i, is determined 
by the rate at which the ions arrive the probe due to their random 
motion in the plasma. Its value can be determined by the kinetic the¬ 
ory and is proportional to positive ion concentration in the plasma. As 
the probe potential becomes less and less negative and finally positive, 
electrons also reach the probe in addition to ions and the amount of 
current changes from B to C and the positive ion current still domi- 

41 
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nates in this region. At the point C, the current becomes zero as equal 
number of positive ions and electrons are collected by the probe. The 
probe potential at C is known as the floating potential. With the further 
increase of probe potential, the number of electrons exceeds the number 
of ions and consequently the current direction is reversed. The current 
increases rapidly with the increase of potential because more and more 
electrons reach the probe. Finally at the point D, the electrons reach 
the probe at their rate determined by the electron density in the plasma 
and the current becomes almost constant as shown by DE, though the 
plate voltage is increased. After E, the current may increase rapidly as 
shown by EF. It is because very high potential accelerates the electrons 
to such an extent that they can produce ionization of neutral particles 
which may be present. 



P 


I 


Figure 3.1: Circuit diagram of a single probe method. 


3.1.1 Determination of electron temperature T e 

In the linear region CD of Figure 3.2, the number of electrons reaching 
the probe exceeds the number of positive ions so that the probe may be 
considered as being surrounded by a sheath in which electrons dominate. 
Now, only electrons with sufficient energy to overcome this repulsion of 
the sheath will then penetrate it and reach the probe. Suppose V is 
the potential difference across the sheath, i.e., the bulk of the plasma 
and the probe surface, then the electrons having a minimum energy eV 


Scanned by CamScanner 



1 


____ Plasma Diagnostics 43 

can cross the barrier. Following Boltzmann distribution, the probability 
that electron will have energy eV is exp(-eF/KT e ), where T e is the 
electron temperature. If n e is the electron density in the bulk of the 
plasma and n p the density in the probe surface, we have 



Figure 3.2: Variation of probe current with the probe potential in the single 
probe method. 

n p = n e exp(— eV/KT e ) (3.1) 


Thus, the current is 

I p ex n e exp (-eV/KT e ) I P = C exp(-eV/KT e ) 

where I p is the probe current and C a constant. When V = 0, we 
have I p = C. That is, the sheath potential becomes zero by the ex¬ 
ternal potential applied to the probe and thus under this condition all 
the electrons, irrespective of their velocities, reach the probe. This is 
evidently the electron saturation current represented by the portion DE 
of the curve and it can be represented by I re . Thus, we have I re = C 
and therefore, 

I p = I re exp {-eV/KT e ) (3.2) 

By knowing I p and I re from the experimental curve, we can determine T e . 
But in actual experiment, we can find that the current never saturates 
and thus I re cannot be obtained precisely. If V d represents the potential 
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at which the current saturates, then we have Vd V p V, where V p is 
the potential applied on the probe. Then from equation (3.2), we have 

Ip = Ire exp [-e(Vd - Vp)/KT e ] 


Thus, we have 


In I p = In I rc 


eV d eVp 
KT e KT e 


= constant + 


eV p 

KT e 


A graph of In I p versus V v should be a straight line and the slope of curve 
gives T e , the electron temperature. 


3.1.2 Determination of electron density n e 


As mentioned above, it is difficult to get saturation current experimen¬ 
tally. In an actual experiment it is found that at the point D though 
the current shows a tendency towards saturation, it nevertheless con¬ 
tinues to increase. A useful method is to draw a tangent to the curve 
and the intersection of this tangent with the straight line portion CD 
of the curve gives the saturation current I re . When v is the velocity of 
the particle then the assumption that electrons in the plasma follow the 
Maxwell Boltzmann distribution. Thus, we have 


KTe \ I / 2 
27rm I 


and the number of particle striking unit area of the probe per sec is 


n e v = n e 



1/2 


Thus, the random current is 


Ire - Aen e v = ylen e (|A) 1/2 (3.3) 

where A is the area of the probe. For the known value of T e , we can 
determine n e from equation (3.3). 

The ion saturation current obtained from the portion AB of the curve 
is expressed as 
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In 



1/2 


where Tj is the ion temperature and M the mass of the ion. Assuming 
n e = n ii Ti can he obtained. These values obtained are however too 
large. 


3.1.3 Limitations of single probe method 

The method of single probe, discussed above is too simple. Detailed 
study of plasma boundary is found to be necessary. For obtaining reli¬ 
able results, one of the main criteria to be satisfied is that the dimension 
of the probe should be as small in comparison with the mean free path of 
the electron in the gas at the corresponding pressure. Moreover, in the 
deduction of theory, we have assumed that the electrons obey Maxwell 
Boltzmann distribution. Any departure from linear behaviour of CD in 
the curve shows that electrons do not follow Maxwell Boltzmann distri¬ 
bution. Again in the above we assumed that current drawn by the probe 
is so small that it has no effect on the state of plasma. Thus, dimension 
of the probe should be as small as possible. Nevertheless the conditions 
around the probe may be quite different those elsewhere in the plasma. 
A mobile probe may be used to study spatial variation of electron den¬ 
sity and electron temperature. However, we do not expect variation of 
electron temperature with position, specially at low temperature. 


3.2 Double probe method 

As discussed above, in case of a single probe method, the probe may draw 
current from the plasma and the state of the plasma may be perturbed. 
The introduction of probe itself may cause a change in the values of the 
plasma parameters, which we want do determine. A substitute of the 
single probe method is the double probe method in which no current is 
drawn from the plasma. Figure 3.3 shows the circuit diagram of a double 
probe method. Potential difference between the probes Pi and P 2 is 
supplied by a battery, the plasma consists of electrons and ions act like 
a conductor of electric current. With help of the commutator and the 
variable resistance, we can change the magnitude as well as direction of 
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,. p, and Pi. The probe current is 
the applied potential difference e w difference by the voltmeter, 

measured bv the ammeter and the potent, 



Figure 3.3. C ircuit diagram of a double probe method. 


An ideal curve showing the variation of probe current with plate 
voltage is as shown in Figure 3.4. When the P, is highly negative, ions 
arc collected by it and the portion AB of the curve is obtained. It 
represents the ion saturation current. When the voltage of P, is made 
less negative, electrons are also collected by P, and the portion BC of 
the curve is obtained. At the point C, the external voltage between 
the probes is zero. As the direction of voltage is reversed, P 2 becomes 


Scanned by CamScanner 



Plasma Diagnostics 47 


negative and the portion CDE of the 


curve is obtained. 



Figure 3.4: Variation of probe current with the probe potential in the double 
probe method. 


As the current at any instant is the difference between the ion satu¬ 
ration current and the electron current, the probe current is 


Iril - Ie 2 = ±7p (3.4) 

For the other probe, we have 

Iri2 - h 1 = (3.5) 

From equations (3.4) and (3.5), we have 

Iril "F Iri2 = Ie 1 "F Ie2 (3.6) 

showing that there is no loss of ions or electrons from the plasma. If 
Irei and I re 2 represent the electron saturation current, we have 

le 1 = Ire i exp( - I e2 = I re2 exp( - (3.7) 

From equations (3.6) and (3.7), we have 

Iril + I r i2 , Ie 1 bel \ e(Vi — V 2 )' 

~UT~ ~ 1 = 1Z = U exp L' —ktT' 
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Tims, we have 


hi 


il 4” Iri2 _ j 



e{V\ - V 2 ) 
KT e 


= constant — 


eV 

KT e 


A plot of ln[(/ ri i + / ri2 )// P 2 -l] versus V should give a straight line. From 
the slope of this plot, the electron temperature T e can be determined. 
From the saturation ion current we have 



1 '2 


By assuming, n, = n P , the electron density n F can be determined. 


3.3 Magnetic probe 


In thermonuclear research, plasma is generally confined with the help 
of magnetic field in the form cylindrical bottles. The electron density 
at a distance r from the axis varies when a magnetic field H is applied 
transversely in the direction of the discharge current and we have 


= n exp 
and the electron temperature is 


eH T 


W2inK V k ' Te 


TeH = T e 


l+C 


P 2 J 




where H is the magnetic field and k = 4m/.V the fraction of energ,- lost 
by the electron in collision with a neutral atom, C, = [eL/mv r )\ L the 
mean free path of electron at a pressure of 1 torr. For a longitudinal 
magnetic field, the electron temperature is T eff where 


Tin _ 

Te E 


and the electron density n eH is 


^eH 

Tl 



Scanned by CamScanner 



Plasma Diagnostics 49 


where Jo is the Bessel function of zero order and of the first kind. Here, A 
is the diffusion length, the collision frequency of electron with neutral 
atoms. It is obvious that plasma parameters are changed by a mag¬ 
netic field. For determination of plasma parameters with the probe the 
following two assumptions are made: 

(i) The dimensions of the probe are small as compared to the mean 

free path of electrons and ions. 

(ii) The thickness of space charge sheath surrounding the probe is small 

as compared to the mean free path of electrons and ions so that 
the electrons and ions can move in this region undisturbed by 
collisions. 

The question if the Langmuir probe method can be used for determina¬ 
tion of electron density and temperature in presence of magnetic field 
has been investigated by several workers. A magnetic field applied to the 
plasma effectively reduces the free path of charged particles moving per¬ 
pendicular to the magnetic field H to less than the radius of curvature 
p = mv/eH, where v and m are respectively the velocity and mass of 
the charged particle. He ice, for a probe collecting across the magnetic 
field assumption (i) becomes invalid. Thus, for measuring parameters 
in a magnetic field by probe method, the magnetic field should be small 
preferably less than 100 G. The assumption (ii) depends on the sheath 
thickness and thus on the plasma density, the type of gas and on the 
magnetic field. Therefore, to satisfy the condition (ii), a low density 
plasma is used and the value of magnetic field is kept low. 

Under these assumptions the slope of the portion CD in Figure 3.2 
between probe current and probe voltage is used for determination of 
electron temperature in the same way as in absence of the magnetic 
field. Hence the electron temperature can be determined from the slope 
of the curve in presence of magnetic field also. Here, the probe is placed 
at right angle angles to the direction of the magnetic field. 

For large mass of the ion, its gyromagnetic radius is larger than that 
of electron in the magnetic field. Therefore, the assumption that the 
mean free path of the ion should be larger than the probe dimension 
may be valid in case of ions. Thus, the ion density can be determined 
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from the relation T ,rr . /0 

Iri ~ t \2nM) 

Considering Tij = n e , the electron density can be determined. Hence, 
the probe method can also be used for determination of electron density 
and electron temperature in magnetic field also provided the electron 
density is small and the magnetic field is low. 

3.3.1 Sources of error in probe measurements 

(i) The probe method is based on the assumption that the velocity 

distribution of electrons is Maxwellian. If the distribution is not 
Maxwellian, the theory of probe becomes invalid. 

(ii) The surface of the probes would be incident by the electrons and 
the energetic electrons may produce secondary electrons from the 
surface of the probes. 

(iii) Energetic photons in the plasma, may produce electrons due to 
photo emission. 

3.4 Microwave method 

Because of its small intensity, a microwave signal is of great application 
for determination of electron density and collision frequency of electrons 
colliding with neutral particles in a plasma. As the intensity of signal is 
small, when it is reflected back from plasma or transmitted through the 
plasma, the state of plasma remains practically undisturbed. Depending 
on the process (reflection or transmission), there are two methods for 
determination of plasma parameters with the help of microwaves. 

3.4.1 Reflection method 

We know that dielectric constant of plasma is 

6 = 1 ~ (^p/w 2 ) 

where u>p y/n^JrncQ is the plasma frequency and u the angular fre¬ 
quency of microwave. The refractive index of plasma is 

* = A - HI* 2 ) 
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When the incident frequency u, > the refractive index is real and 
the wave will transmit through the plasma. On the other side, when 

u ^ ?’ T r f raCtlVe lndex is toawnary and the wave will be reflected 
back by the plasma. Thus when the frequency of the microwave signal is 

gradually increased from u, < Up , then at a certain frequency reflection 
of wave will stop and the wave will start to transmit through the plasma 
The frequency at which the reflection stops and the transmission begins 
is known as the critical frequency. The critical frequency v c is expressed 
as 

1 f ne 2 \ 1/2 

=9 *10 6 ^ Hz 

where the density n is expressed in m" 3 . Klystron oscillators are now 
easily available and can be used for generation of frequencies of the order 
of 60 GHz. Hence, electron density of the order of 10 8 m~ 3 can be de¬ 
termined. This principle is the same as generally used for determination 
of electron density in the ionosphere. 

3.4.2 Transmission method 

For using the reflection method, one must have a microwave oscillator 
which could provide a continuous variation of frequency. It is very diffi¬ 
cult to have a single oscillator which could provide continuous variation 
of frequency. Therefore, it is useful to utilize the transmission method. 
In the transmission method, we have to use a wave of frequency ui > u p . 
Now, the transmitted wave will undergo both attenuation as well as the 
phase change. The attenuation will however be small. The experiment 
is made to measure both the attenuation and the phase shift from which 
the electron density and collision frequency can be determined. 

Let us consider Maxwell equations 



(3.8) 

vx£=j + f 

(3.9) 


where the current density j is due to conduction and dE /dt is the 
displacement current. Due to collisions of electrons with neutral parti¬ 
cles, the energy is lost or absorbed. This energy appears as attenuation. 
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Expressing j as 


j = {a T - m) E ( 3 - 10 ) 

where u r and < 7 , are real and imaginary parts of conductivity. Using 
equation (3.10) in (3.9), we have 


Vx B= (°r ~ toi) E +-r£ 

Taking curl of equation (3.8). we have 

V x (Vx E) = -^( Vx 

Using equation (3.11) in (3.12), we have 

. dE d 2 E 
V x (Vx E) — (0> l(J i) Qj. Qt 2 


(3.11) 


(3.12) 


V(V. E) ~ V 2 E= ~(<Tr ~ ivi)-£. 


dE d 2 E 


dt dt 2 


Since there is no accumulation of charge, thus we have V. E= 0 and we 


2 / • xd E d 2 E 

V £= (O r - , CTi )— + -p- 


(3.13) 


Suppose the direction of propagation of wave is along x-axis and the 
electric component of microwave field is along y-axis (i.e., the TE mode) 
then 


E y = Eq e 


(3.14) 


with 7 — a + i0. Here, a is the attenuation per unit length, 0 is the 
phase shift per unit length and 7 is known as the propagation constant. 
Now. equation (3.13) becomes 


d 2 E y . .dE v d 2 E v 

Using equation (3.14) in (3.15), we have 

7 2 = (oy - i(Ti)iuj - J 2 


(3.15) 


Scanned by CamScanner 


Now, we have 

r,2 


ne 


G r — 


LJr 


me o u l c + u 1 


and 


(Ji = 


ne 2 


a; 


Using equation (3.17) in (3.16), we have 


me Q u 2 + u 2 


(3.17) 


7 2 = 


ne* 

me 0 (u;2 + u>2) (u;c ~ *w)iu; - a ; 2 


Using u 2 = ne 2 /me 0 here, we have 


2 = _ 2 , • 

' / o . ox ““ + 7- 


(v 2 + a; 2 ) 


(w 2 + a; 2 ) 


Thus, we have 


a 2 - P 2 + 2ia0 = 


_2 . ■ UJ p UJ c^> 

(w 2 +u; 2 ) +Z (u; 2 +u; 2 ) 


It gives 

a 2 - (3 2 = 


u 2 p u 2 


— U) 


and 


2a0 = 


(u-l+u.2) — 

For microwaves, (u c /w) « 1 and thus, we have 


a 2 -/J 2 = u, 2 - uC 


and 


2q/3 = 

u 


(3.18) 

Since o: is very small, specially for low density plasma, we take a = 0 
and therefore, we have 


0 = «Vi - K/« 2 ) 


Using the value of (5 in second of equation (3.18), we have 

.2 


u/ p 

a = —— 


UJ r 


2 " 2 yj\ - (u, 2 / W 2 ) 


Hence, we see that when w = w p , we have a = oo and (3 = 0. a = oo 
shows that the wave is completely reflected back and /3 = 0 shows that 
there is no propagation. Thus, by measuring the frequency u p , electron 
density n can be determined. Further, by measuring a and u p , one 
can calculate uj c . When the electron density is uniform then (3 can be 
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obtained from the relation A 4> = ((3 — Po)d, where d is length of plasma 
and (3q is the initial phase difference in absence of plasma. In case of 
thermonuclear reactions, when the plasma is confined by a magnetic 
field, the electron density may not be uniform, then we have 

A0 = u>d — [ 0 dx 

Jo 

’ /Vl-(u,^)d* = W d- l-^l 1 / 2 d* 

Jo v p J o L m€ 0 u> 2 j 


° dx = —_ / nfxl dx = 

o 2meou) 2 2meouj Jo 


e 2 AT 

2meou 


where TV is the column density, ie., the total number of electrons per 
unit area in the total path traversed by the microwave. 


3.5 Microwave radiation method 


Measurements of microwave radiation emitted from a plasma can be used 
for obtaining electron temperature of the plasma. A plasma, in general, 
radiates both coherent as well as incoherent radiations. The coherent 
radiations are considered to arise owing to uncorrelated motion of single 
particles and can be interpreted statistically in terms of a radiation 
temperature. Radiations emitted from a hot plasma is not equivalent to 
the radiations emitted from a black-body. However, there is a narrow 
frequency range, near the plasma frequency, where the radiations can 
be approximated to that of a black-body. 

For a black-body, the energy density of radiation in thermodynamic 
equilibrium with matter at temperature T in the frequency range from 
v to v -I- du is expressed by the Planck’s law 


u u dv = 


87 xhv* 


du 


c 3 exp (hv/kT) - 1 

In the microwave region, we have hu « KT, and the rate of emission 
of energy from a plasma can be expressed by Rayleigh Jeans equation- 
The energy radiated in the frequency range from v to v -I- du is 

dp= 8 ! riT^ dj/ 
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where T e is electron temperature. Radiations can be collected by a 
microwave antenna. For the effective area A of the antenna (which may 
be parabolic or a horn antenna) the power collected is 

. 87rkT e i/ 2 

It shows that the power P collected will be CT e du. Here, C is a constant 
for the mean frequency There may be some uncertainty in the value 
of C. The power emitted from plasma is compared with a standard noise 
source whose temperature is known. As the temperature of plasma is 
much higher than the standard noise source, the intensity of radiations 
from plasma will be much higher than that of the standard noise source. 
Therefore, a variable attenuator (whose calibration is known) is used so 
that the power from the plasma source can be reduced until the two 
power outputs are equal. The magnitude of attenuation gives the ratio 
of the electron temperature of plasma and that of the noise source. The 
essential conditions to be satisfied for getting true temperature of plasma 


( 1 ) The depth of the medium must be large as compared to the absorp¬ 
tion length. 

(ii) The antenna must collect all the radiations. Thus, there should not 
be reflection at the antenna. 

This method of measuring electron temperature is based on the as¬ 
sumption that the plasma is radiating like a black-body in the microwave 
region. Moreover, when the plasma is confined by a magnetic field, due 
to interaction of magnetic field, the microwave radiations may be emit¬ 
ted and this kind of radiations should be separated out from the true 
thermal radiations. 


3.6 Spectroscopic method 

This is a standard method widely used for measurement of temperature 
of the given source. This method is very accurate in the sense that the 
plasma is not disturbed at all, as in other methods. The spectral lines 
emitted by plasma are analyzed by a spectrograph. 
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3.6.1 Electron temperature from the ratio of spectral 
line intensities 

Let us consider homogeneous plasma in which local thermal equilibrium 
(LTE) exists. Further, we assume that the plasma is in the steady state 
and there is no self absorption. Now, the intensity /„ of a line due to 
transition between the upper level j and lower level i is 


Iji — Tij huji l Aji 


(3.19) 


where rij is the population density of upper level of system, u j{ the 
frequency of spectral line emitted, Aji the spontaneous transition prob¬ 
ability, / the thickness of the plasma column along the line-of-sight. 
According to Maxwell-Boltzmann distribution, we have 


Tij Qj 

— = — exp 
no go 


Ej — Eq- 

KT e J 


(3.20) 


where no is the population density of the ground level, T e the electron 
temperature, and E and g denote the energy and statistical weight of 
the corresponding states. Using equation (3.20) in (3.19), we have 


9i 

Li — riQhvji l Aji — exp 


90 


Ej - Eq 
KT e 


(3.21) 


Let us consider another transition between the upper state l and lower 
state k. The intensity of this transition is 


hk = nQhui k l A^ — exp 
9o 


El ~ Eq 
KT P 


(3.22) 


Dividing equation (3.21) by (3.22), we have 

Ijj _ 9j^jiAji r Ei — E 


Iik 9ivikAik 


exp 


KT e 


Taking logarithm of this equation and rearranging, we have 


KT e = (Ei - Ej)/\n\^ 9lUlkAlk ] ’ (3.23) 

v hk9jVjiA 3l \ 

We now choose two spectral lines and measure the intensities of them- 
After putting intensities and the known parameters in equation (3.23), 
we calculate electron temperature of plasma. 

In this method we have assumed that local thermal equilibrium exists 
within the plasma. 
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It is well known that a finite width . , 

r „ . nile Wldth of a spectral line is due to the 

following contributions: 


(i) Natural broadening 

(ii) Pressure broadening 

(iii) Doppler broadening 

(iv) Stark broadening 

In a gas, natural and pressure broadenings are always present. Doppler 
broadening is due to motion of particles in a plasma. Stark broadening 
occurs when a source of spectral line is placed in an external electric 
field. Even in absence of an external electric field, there is enough electric 
field in a plasma due to charge separation. Thus, this internal electric 
field also can cause the Stark broadening. Since this Stark broadening 
depends on internal field due to ions, this broadening therefore depends 
on the ion density. Thus, for low density plasma, it is possible to avoid 
the Stark broadening. 

Doppler shift in a gas depends on the distribution of velocities. Fur¬ 
ther, this distribution must be Maxwellian. The distribution of veloci¬ 
ties is thus related to the temperature in the plasma. Hence, when the 
Doppler broadening in a spectral line can be measured, the temperature 
of plasma can be determined. 

Suppose a particle at rest emits a spectral line of wavelength A, then 
for the particle moving with velocity v, the wavelength A* for the same 
transition is 

where c is the speed of light. Thus, we have 



where dA = A* — A is the change in wavelength. For the Maxwellian 
distribution, intensity I\ of a spectral line is 

I\ = constant x exp( - ) (3.25) 
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where m is the mass of the emitting ion and T e the electron 
Using equation (3.25) in (3.24), we have 



/. me 2 rdA]2\ 

h = A ex P( " 2KT e lyJ ) 



where A is a constant. For the central intensity of line, we have dA = q 
and I\ = ( I\)max • Thus, we have (I\) m ax = A and therefore, 


I\ = (I\)max exp( 


me? fdA 12 ^ 

2 KT e ItJ ) 


(3.27) 


The change in wavelength dA for which the intensity drops to half of the 
central (maximum) intensity can be obtained as the following: 


(h). 


= (h) 


max 


exp 


me 2 f dA-j 2^ 

2 KT e ItJ ) 


1 

2 


exp 


( me 2 

rdAi 

V 2 KT e 

1 A J 


Since the argument of the exponential on right side is small, we can 
expand it. After neglecting higher order terms, to have 


1 me? rdAiS 

2 = 2 KT e ItJ 


Then the half-width is 





c 



This relation shows that by measuring the half-width of the spectral 
line, one can determine electron temperature of the plasma. 


3.7 Problems and questions 

1. Describe the single probe method for determination of electron 
temperature T e and electron density n e in a plasma. Discuss the 
sources of error in probe measurements. 

2. Describe the double probe method for determination of electron 

temperature T e and electron density n e in a plasma. Discuss the 
sources of error in probe measurements. 
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3. Discuss about the probe technique for measurement of plasma pa¬ 

rameters in a magnetic field. 

4. Discuss about the microwave method for determination of electron 

density in a plasma. 

5. Discuss about the microwave radiation method for determination of 

electron temperature of plasma. 

6. Discuss about the microwave radiation method for determination of 

electron temperature of plasma. 

7. Discuss about the spectroscopic method for determination of elec¬ 

tron temperature of plasma. 

8. Write short notes on the following 

(i) Single probe method 

(ii) Double probe method 

(iii) Sources of error in probe measurements 

(iv) Microwave radiation method for determination of electron 
density in a plasma 
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Single Particle Orbit Theory 


Plasma can sometimes be considered as a fluid and sometimes as a col¬ 
lection of particles. Here, we are considering a plasma as a collection of 
particles. In very low density devices like the alternating-gradient syn¬ 
chrotron, collective effects are often unimportant and therefore single 
particle trajectories may be considered. In this chapter, we shall study 
behaviour of particles moving in various externally applied fields, such 
as magnetic, electric and gravitational fields, and combinations of them. 
We shall assume that the motions of the charged particles do not modify 
the applied magnetic as well as electric fields in the plasma. 

4.1 Particle in a uniform magnetic field 

Consider a particle of mass rn and charge q moving in a uniform magnetic 
field B with velocity v. The Lorentz force acting on the particle is 
q v x B and the equation of motion of the particle is 

d v — -» 

m — = q y x B (4.1) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. Here, for convenience, we use the Cartesian 
coordinate system. Let us consider 2 -axis of the coordinate system along 
the direction of the applied uniform magnetic field B. Thus, B- Bk , 
where B is the magnitude of the field, which is constant. For the velocity 

v= v x i + v y j + v z k (4.2) 

we have 

v xB= v y Bi - v x Bj ( 4 . 3 ) 

60 
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Using equations (4.2) and (4.3) in (4.1), and equating the coefficients of 
i, j and k on the two sides of the resultant equation, we get 


rn v x — qBvy 

(4.4) 

m v y = —qBv x 

(4.5) 

m v z = 0 

(4.6) 


where a dot on a quantity represents its differentiation with respect to 
the time t. Equation (4.6) shows that 2-component of the velocity (i.e., 
along the direction of the applied magnetic field) is constant. 


v z = v z0 

where v z q is the 2 -component of initial velocity. Thus, the motion of the 
particle along the direction of the magnetic field is uniform. Integration 
of the above equation gives 

2 = v z0 1 + Zq 


where zq is the constant of integration, showing that the distance along 
2 -axis changes linearly with time provided the particle has initial velocity 
along the 2 -axis. On differentiating equation (4.4) with respect to t and 
using the value of v y from equation (4.5), we get 


.. _qB . _ (qB\ 2 

V T — Vii — ( J Vi 

V m / 


m 


(4.7) 


Similarly, on differentiating equation (4.5) with respect to t and using 
the value of v x from equation (4.4), we get 


Vy — 


qB 


V T = 


m 



(4.8) 


Equations (4.7) and (4.8) show that x- and y-components of the velocity 
have a simple harmonic variation with a frequency, called the cyclotron 
frequency 

_ \q\ b 

u c — 

m 

By convention, the cyclotron frequency is always positive, and therefore, 
we have accounted for the magnitude of the charge. Equation (4.7) can 
be written as 
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v x = - u % v T (4.9) 

Equation (4.9) is a second order differential equation with constant co¬ 
efficients and its solution is 

V x = v X Q cos (u> c t + 0) (4.10) 

where v x q is a constant. Using equation (4.10) in (4.4), we have 

m 1 . . . 

v y = — v x = ±— v x = ^v x0 sin(u; c < + 0) (4.11) 

<JtS u c ' 

Here. ± represents the charge of the particle; positive is for a positively 
charged ion and negative for the negatively charged electron. From 
equations (4.10) and (4.11). we have 

v 2 + v 2 = v 2 0 


Thus, 

v x 0 = \Jv% + vj = v± 

is the velocity of the particle projected in the x-^-plane, denoted by v ± . 
Integration of equation (4.10) with respect to t gives 

x = — sm M + 0) + x 0 (4.12) 

where x 0 is the constant of integration. Integration of equation (4.11) 
gives 


v± 


V = ±— cos(u } c t + 0) + 2/0 


U), 


(4.13) 


where y 0 is the constant of integration. We define the Larmor radius 


n 


as 


^ vi m v ± 
ri = — = 


\q\B 

so that equations (4.12) and (4.13) can be written as 

x - xq = ri sin(tc> c £ + 0) 

V ~yo = ±r L cos (w c t + 0) 

Equations (4.14) and (4.15) represent a circle 


(4.14) 

(4.15) 


(x - xq ) 2 + (y - yo) 2 = r? 
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of radius r L and with the centre at (i 0 , !/o). This centre for a charged 
particle ,s known as its guiding centre Figure 4.1 shows the motion of 
two charged particles gyrating about their guiding centers in the plane 

of the paper. The applied magnetic field is perpendicular to the plane 
of the paper in the inward direction. 

Thus, in the presence of a uniform magnetic field, motion of each 
charged particle is along a circle, in the plane perpendicular to the di¬ 
rection of the applied magnetic field. The radius of the circle is pro 
portional to the mass and inversely proportional to the charge of the 

particle. Thus, radius of the orbit of a proton is 1836 times larger than 
that of the electron. 



electron 


Figure 4.1: Charged particles gyrate about their guiding centers in the plane of 
the paper when the uniform magnetic field is perpendicular to the plane of the 
paper in the inward direction. Positive ions and electrons moves in the circular 
paths in the opposite sense. 

A moving charged particle always generates a magnetic field. The 
direction of motion of the charged particle in the applied magnetic field 
is such that the direction of the generated magnetic field is opposite to 
the direction of the applied field. Hence, the positive ions and electrons 
gyrate in the opposite sense. As the particles of plasma tend to reduce 
the applied magnetic field, therefore, a plasma is said to be diamagnetic 
in nature. 

In addition to a circular motion in the plane perpendicular to the 
direction of the applied magnetic field, a particle has an arbitrary veloc¬ 
ity v z along the direction of the applied magnetic field, which remains 
constant. If a particle has initially a finite value for v 2 , the trajectory 
of the particle is a helix whose axis is along the direction of the applied 
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field. When v z — 0, the particle moves in a circular orbit about the 
direction of the applied field. 


4.2 Particle in the uniform electric and magnetic 
fields 

Consider a particle of mass m and charge q moving in a uniform magnetic 
field B and a uniform electric field E with velocity v . The Lorentz force 
acting on the particle is q\E + v x B] and the equation of motion of 
the particle is 

m ~ = q[E+vxB] (4.16) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. Here, we use the Cartesian coordinate sys¬ 
tem. Let us take z-axis of the coordinate system along the direction 
of the applied uniform magnetic field B. That is B= Bk , where B is 
a constant magnitude of the field. Now, we take xz-plane so that it 
contains the applied uniform electric field E- That is, 


E= E x i + E z k 

(4.17) 

where E x and E z are constant components of the electric field along x- 
and z-axes, respectively. For the velocity 

v = v x i + v y j + v z k 

(4.18) 

we have 


v x B= v y Bi — v x Bj 

(4.19) 

Using equations (4.17),^ (4.18) and (4.19) in (4.16), and equating the 

coefficients of i, j and k on the two sides of the resulting equation, we 
get 

m v x = qE x + qBvy 

(4.20) 

ttl Vy — qBv x 

(4.21) 

m v z — qE z 

(4.22) 


Scanned by CamScanner 


Single Particle Orbit Theory 65 


where a dot on a quantity represents its differentiation with respect to 
the time t. Integration of equation (4.22) gives 


_ qE g 

Vz 1 + v * (4.23) 

where is the -component of the velocity at, = 0. Thus, the velocity 
of the particle along .-direction increases linearly with time t. Farther 
integration of equation (4.23) gives 

qE z 0 

Z ~2 m * +v * t + z o 

showing that the distance along the z-axis changes as t\ i.e, the particle 
is accelerated along the *-a*is due to the 2 component of the electric 
field. Here, zq is the constant of integration giving ^-component of 
position at t = 0. On differentiating equation (4.20) with respect to t 
and using the value of v y from equation (4.21), we get 

qB . ,qB \2 

Vx ~m Vy= -\m) v * (4-24) 

Similarly, on differentiating equation (4.21) with respect to t and using 
the value of v x from equation (4.20), we get 

QB ( qE x qB x 

v y— V x — I |- y ) 

m m V rn m y ' 


qB . 
— v. 


-(£)*(* 


(4.25) 


On defining the cyclotron frequency u c = \q\B/m, equation (4.24) can 


be written as 


v x = -ul v x (4.26) 

Equation (4.26) is a second order differential equation with constant 
coefficients and its solution is 

v x = v x0 cos(u j c t + (f >) (4.27) 

where v x q is constant. Using equation (4.27) in (4.20), we have 

m . E x 

Vy ~ ~qB Vx ~~B 

= + — v„ = TUrnsin(u; c t + 4) ~ it ( 4 - 28 ) 


v y = rt v *-B 


= ±— v x = =F^x0sin(u; c t + </>)- 

UJr J-' 
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Here, ± represents the charge of the particle. From equations (4 271 
(4.28), we have ' ’ * B4 

y) 




so that 




= fl + K +|) 2 


Integration of equation (4.27) with respect to t gives 


v ± . / 

x = — sin(u; c t + 0 ) + x 0 
u) c 


(4.29) 

where x 0 is the constant of integration. Integration of equation (4.28) 
gives ’ 


y i COS {uJ c t + 0) — — -t + jt/o 
"c L> 


where y 0 is the constant of integration. We define the Larmor radius 

_ mv 


as 


(4.30) 

r L 


rL 


u c \q\D 

so that equations (4.29) and (4.30) can be written as 
x - xo = r L sin(u ) c t + 0 ) 

E 

y — y o = ± 77 , cos(u; c t + 0 ) - t 

Equations (4.31) and (4.32) represent a circle 

l 2 r / E r 


(4.31) 

(4.32) 


X — Xq 




of radius r L and with the centre at (x 0 , y 0 -E,t/B). Hence, ^-coordinate 
of the centre is changing with time in the negative y direction. It shows 
that the guiding centre drifts with a velocity 


Vg c — 


B 


in the negative y direction. Thus, we have 

E xB 


V 9 C £ 2 


= V E 
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Figure 4.2: Char ed g particles drift, in fhe downward direction (negative y di¬ 
rection) when the applied magnetic field is perpendicular to the plane of the 
paper in the upward direction. 

The drift velocity is independent of mass as well as charge of the particle. 
Hence, the positive ions as well as electrons drift with the same velocity 
in the same direction. Figure 4.2 shows drift of an ion and an electron. 
The drift is in the downward direction (negative y direction) when the 
applied magnetic field is perpendicular to the plane of the paper in the 
upward direction. 

Physical reason for the drift can be understood in the following man¬ 
ner. The charged particles are gyrating about the direction of magnetic 
field. For a positive ion, in the first half-cycle when the velocity of the 
ion has component along the direction of the electric field, the ion gains 
energy from the electric field and thus, i>j_ increases, and in turn the Lar- 
mor radius ri increases. In the second half-cycle when the velocity of 
the ion has component opposite to the direction of the electric field, the 
ion looses energy for opposing the electric field and thus, v± decreases, 
and in turn ri decreases. This difference in ri on the two sides of the 
orbit causes the drift. An electron gyrates in the opposite direction and 
also looses and gains energy in the opposite sense, and has a drift. The 
direction of the drift is the same for the ions as well as for the electrons 
as it does not depend on the charge and mass of the particle. 

Further, the velocity of the particle in the direction of 2 -axis increases 
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with time. Actual orbit of the gyrating particle is shown in Figure 4.3. 


E x B 




Figure 4.3: Orbit of a gyrating particle in space. 


4.3 Particle in a uniform force and a uniform mag¬ 
netic field 

Consider a particle of mass m and charge q moving in a uniform magnetic 
field B and a uniform force F with velocity v . The net force acting on 
the particle is F + q v x B and the equation of motion of the particle 
is 

m ^ =F 4- q v x B (4.33) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. Here, we use the Cartesian coordinate sys¬ 
tem. Let us take 2 -axis of the coordinate system along the direction 
of the applied uniform magnetic field B. That is B= Bk, where B is 
a constant magnitude of the field. Now, we take X 2 -plane so that it 
contains the applied uniform force F- That is, 

F= F x i -f F z k (4.34) 

where F x and F z are constant components of the force along x- and 
2 -axes, respectively. For the velocity 

v = v x i + v y j + v z k (4.35) 

we have 
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(4.36) 


Using equations (4.34). (4.35) and (4.36) in (4.33), and equating the 

coefficients of j and k on the two sides of the resulting equation, we 
get 


m v x= F x + qBv y 
m v y = ~<}Bv x 
m v z = F z 


(4.37) 

(4.38) 

(4.39) 


where a dot on a quantity represents its differentiation with respect to 
the time t. Integration of equation (4.39) gives 


F z 

Vz — t + V Z Q 

m 

where v z0 is the ^-component of the velocity at t = 0. Thus, the ve¬ 
locity of the particle along z-direction increases linearly with t. Further 
integration of this equation gives 


F z 2 

2 — t + v z0t + ZO 

showing that the distance along z-axis changes as t 1 , i.e, in the particle 
is accelerated along the z-axis due to the z component of the force. Here, 
zo is the constant of integration giving z-component of position at t = 0. 
On differentiating equation (4.37) with respect to t and using the value 
of v y from equation (4.38), we get 


v T = 




m 


Vy ~ l I v x 
v m / 


(4.40) 


Similarly, on differentiating equation (4.38) with respect to t and using 
the value of v x from equation (4.37), we get 


qB . qB/F x qB \ 

Vy= - V x = -I-1- Vy I 

* rn m V m m ' 


=-(^) 2 (§-») 


(4.41) 


On defining the cyclotron frequency ui c = \q\B/m, equation (4.40) can 
be written as 
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2 (4.42) 

V x = —u> c v x 

, Aor differential equation with constant 
Equation (4.42) is a second order different. 

coefficients and its solution is 

v x = v x0 cos (u c t + <t>) ^ 4 ‘ 43 ^ 

where ^ is a constant. Using equation (4.43) in (4.37), we have 

F x 


m 

Vy= ^B Vx ~qB 


= ±— v x = =FVxosin (u>ct + <f>) - ^ 


(4.44) 


Fx 

L0 C qB 

Here, ± represents the charge of the particle. From equations (4.43) and 
(4.44), we have 

o / F x \ 2 2 

v * + ( v * + 7 b) =v± 


so that 


UL = ^ + («» + 


Integration of equation (4.43) with respect to t gives 

v± . . .. 

x = — sin(u; c t + 0) + £o 
u c 


(4.45) 


where xo is the constant of integration. Integration of equation (4.44) 
gives 


V = ^77 cos(a; c t + 0)-- + j/o 

qB 


(4.46) 


where t/o is the constant of integration. We define the Larmor radius ri 
as 

„ v± mv j_ 

w c |?| £ 


so that equations (4.45) and (4.46) can be written 


as 


x - xq = ri sin(u> c t + </>) 


(4.47) 
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(4.48) 


y -yo = ±r L cos(u ) c t + </,)_ tkf 

qB 

Equations (4.47) and (4.48) represent a circle 


[*-* o ] 2 + M » o -^)] 2 = r £ 


of radius TL and with the centre at (x„, y 0 - F x t/qB). Hence, y- 
coordinate of the centre is changing with time in the negative y direction. 
It shows that the guiding centre drifts with a velocity 

F x 

v, = Vb 

in the negative y direction. Thus, we have 

- F x B 

v /=- 5 - 

qB 2 

The drift velocity depends on the charge of the particle. Thus, the 
positive ions and electrons drift in the opposite directions, resulting in 
a current. 

Physical reason for the drift can be understood in the following man¬ 
ner. The charged particles are gyrating about the direction of magnetic 
field. For a particle, in the first half-cycle when velocity of the particle 
has component along the direction of the force, the particle gains energy 
from the force and v± increases, and hence ri increases. In the second 
half-cycle when velocity of the particle has component opposite to the 
direction of the force, the particle loses energy for opposing the force and 
v± decreases, and hence ri decreases. This difference in on the two 
sides of the orbit causes the drift. An electron gyrates in the opposite 
direction and also loses and gains energy in the opposite sense, and has 
a drift. 

4.3.1 For gravitational force 

For the gravitational force F— m9 and the drift velocity is given by 


m9 x B 
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Here, the drift velocity depends on charge as well as mass of the particle. 
The oppositely charged particles move in the opposite directions (Figu re 
4.4), and therefore constitute the current.J^or the hydrogen plasma 0 f 
protons and electrons the current density j is 

-? , . JxS 

3 = n(m p + m e )—^— 

where m p and m e are masses of proton and electron, respectively, and 
n is the density of protons as well as electron. 


noon 


\9SiSlSlSlSlSlSlSlSiy 


Positive ion 


0 B 


Electron 


Figure 4.4: Drifts of gyrating particles in a gravitational field. Direction of the 
applied magnetic field is perpendicular to the plane of the paper in the inward 
direction. The acceleration due to gravity is in the downward direction. 

4.4 Curvature drift 

Suppose for a constant magnetic field, the field lines are curve in shape 
with a constant radius R (Figure 4.5). The particles moving along the 
field lines experience a centrifugal force 


Fcf= 


mv jj R 
R 2 


where m is mass of the particle and ujj the average square of the compo¬ 
nent of velocity of the particle along the magnetic field. The centrifugal 
force obviously makes an angle with the magnetic field and gives rise to 
a drift, known as the curvature drift , of the guiding centre of the particle 
with a velocity 

— 1 F c f x B 

V R= - t¥2 - 

q B z 


1 mu,, R B _ "ujfi x B 
q R 2 B 2 qB 2 R 2 
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Figure 4.5* Constant magnetic field in the curve shape with a constant radius 

R. 

4.5 Particle in a non-uniform magnetic field 

We have discussed about the uniform fields where we could get exact 
expressions for drifts of the guiding centers. When inhomogeneity in a 
field is introduced, the situation becomes quite complicated and exact 
solution is not feasible. Therefore, we go for an approximate solution 
where we expand in terms of small ratio r^/L, where ri is the Larmor 
radius and L the scale length of the inhomogeneity. This type of theory 
to obtain approximate solution is known as the orbit theory. In the 
present discussion, we shall discuss about simple cases where only one 
type of inhomogeneity would be accounted for at a time. 

4.5.1 Grad-B drift 

For a particle of mass m and charge q moving with velocity v in a 
uniform magnetic field B , the force F acting on the charge is F= q v 
x B■ When z-axis of the Cartesian coordinate system is taken along 
the direction of the applied magnetic field B, so that B= Bk. Taking 
v — v x i + v y j + v z k, the components of the force are 

F x = qBvy F y = —qBv x F z = 0 

The particle moves in a helical path 

x ~ r L sin(a; c t + 0) + x 0 y = ±rj, cos(u; c t + </>) + yo z — v zO t + 
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where xq , y 0 and zq are constants and 77 , the Larmor radius. The com¬ 
ponents of the velocity are 

v x = v± cos(u c t + 0) v y = sin(u; c £ + 0) v z — v z0 

where v z q is the 2 -component of initial velocity. The averages 1 of the 
components of the force due to the field are 

(F x ) = ( qBvy) = ( qB{ =F v± sin(a ) c t + 0))) 

= T qBvi_{s\n(u> c t + 0)) = 0 


and 

(F y ) = ( - qBv x ) = ( - qBv± cos(u j c t + 0)) 
= —qBv±(cos(u> c t + 0)) = 0 


Hence, there is no net force acting on the particle in case of the uniform 
magnetic field. 

Now, we introduce inhomogeneity in the magnetic field by consider¬ 
ing that the density of the field lines (also known as the lines of force) 
increases, say, in the y-direction (Figure 4.6). Hence, the magnetic field 

1 Average values of some trigonometric functions: 


1 


27T 


<co S x)=ii^± = i5i^r = o 

Jo dx 27r 


J *2tt . 

sinxcosxdx 1 r 2lt 1 

\smi cosx; = —-=-— = — / z <5W9-rt 

\ / j2n dx 2n ^ 2 sin( 2 x) 


dx 


= ^[- cos(2x)]o’ r = 0 


( cos 2 x) = 


J 2 * cos 2 x dx 1 f 2n 1 

~ - 2 ^— = 2n J 0 2 ^ + cos ( 2x )l dx 


2tt 2 
COS i 

T** 

1 r 2n 1 r 2 * 1 

= — / dx + — / cos(2x) dx = - 

Wo Wo 2 
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is now a function of y and bv usimr ~ 

' y lsing laylor expansion, we have 

B{y) = B[y 0 ± r L cos(a ) c t + </>)] 

= B{y 0 ) ± r L cos(u > c t + 0) — 

dy 

= Bo ± r L cos(u; r £ + 0) — 

dy 


OOOOO I 

ooooo 

o O O 

o o o o 


y 



z 



© 

9000000 4 


Figure 4.6: Inhomogeneity in the magnetic field is introduced by varying the 
density of the field lines in the y-direction. The magnetic is directed along 
the z-axis. The inhomogeneity generates a drift of the guiding centre of the 
gyrating particle. 


Now, we compute averages of the components of the force when the said 
inhomogeneity is introduced 

{Fx) = (yBvy) = {q [#0 ± r L cos {u c t + 0)—] [ =F u± sin(u; c f + 0) ) 

dB 

= (=F qBov± sm(u c t + 0)) - (qr^v^ sin(u; c t + 0) cos(u; c t + 0)—) 

dy 

dB 

= TqBov^ sin(u> c f + 0)) - qr L v ± — (sin(w c t + <p) cos(u > c t + 0)) = 0 

dy 


and 


d B 

(F y ) = ( - qBv x ) = (- q^Bo ±rL cos(u ) c t + cos(u; c t)) 


as, 


= ( - qBov± cos(u ) c t + 0)) =F (^L^i cos (u > c t + 0)-t^-) 


dB 

= -qBov±(cos(u) c t + 0)) T yriv^ — {cos 2 {u c t + 4>)) 
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1 SB 

= *2 i rLV1 aH 

It shows that the average of the x-component of the force is still zero. 

i • i_ jo oproiinted for in the y-direction. The 

It is because the inhomogeneity is accoumeu * 

average of the y-component of the force is non-zero, show,ng. that be¬ 
sides the applied magnetic field in the direction of z-axrs, there is a net 
force (F y ) working in the direction of y-axis. This generates dr,ft of the 
guiding centre with a velocity 

— _ ( Fy)j_ X Bk _ 

Vac ~ qB 2 ~ qB 

1 tlv± dB ~ 

= T--— x 

2 B dy 

The choice of y- axis for inhomogeneity of the field is arbitrary. For 
general variation of magnetic field in space, the drift velocity of the 
guiding centre due to VB is 

- 1 B xVB 

VVB=±2 r LV± 

This drift is known as the grad-B drift and is independent of the charge 
of the particle. 


4.5.2 Curvature and grad-B drifts 


In the curvature drift, discussed earlier, we accounted for a curved mag¬ 
netic field with constant magnitude. However, for a curved magnetic 
field, it is difficult to have a constant magnitude. Hence, for a curved 
magnetic field, both the curvature drift and grad-B drift arise together. 
Hence, both of them be considered together. Let us consider a magnetic 
field (Figure 4.5) where the field lines are along the 2-axis of the cylindri¬ 
cal coordinates (r, 6, z). Density of the field lines varies with r so that 
the field strength decreases with the increase of r. The magnetic field 
obviously does not depend on 9 and 2 coordinates, and the component 
Bg is zero. For a magnetic field B, we have 


V. B=0 


1 9 , 

r Fr (rB T ] = 0 
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Thus, 


B r r = constant = c 


B r = - 
r 


I‘ ^ows that the radial component of the magnetic field decreases with 
the increase of r. Gradient of the magnetic field is 


dr r 2 * 1 


Thus, the grad-i? drift velocity is 


— . v±ri —■ 

v VB= B xVB 


= ± 


VAJL 
2 B 2 


B xl 



Taking B= B z z, we have 


v±r L B r 
vb=T ^B~ 


v ± B r i_ mnjBr a mv\B r = 

2w e rB s 2| 9 |rB| 2,r B* 


(4.49) 


where v\ is the average square of the velocity-component, perpendicular 
to the magnetic field, and the Larmor radius ri and cyclotron frequency 
u) c are 



u c = 


\q\B 

m 


where m and q, respectively, are mass and charge of the particle. The 
field lines are curve with a radius R (Figure 4.5). and the particles moving 
along the field lines experience a centrifugal force. Thus, the curvature 
drift is 

- mv j R x B 
VR ~ qB 2 R 2 

where vjj is the average square of the velocity-component, along the 
magnetic field. Using B= B z z and R— Rr , we have 



mv i? . 

-M 

qB z R 


(4.50) 
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Combined drift due to grad -B and curvature of the field lines can be 
obtained by adding the equations (4.49) and (4.50) 


- - ( mv l Br f) + mV ^ 

vr+vb=vr+ vv B =-{~2^Bf l q B z R 


*) 


(4.51) 


From the technology point of view, it is a discouraging situation as both 
the drifts have the same sign and they add up. For confinement of 
thermonuclear plasma, when the magnetic field is bent into a torus, the 
particles would drift out of the torus due to the term v±. 

For a Maxwellian distribution, average energy of a particle is 3KT/2. 
Velocity of a particle can be resolved into two components, parallel and 
perpendicular to the magnetic field. The parallel component V|| involves 
one degree of freedom whereas the perpendicular component involves 
two degrees of freedom. Thus, 

\ m < u j|> = \ KT and \ m(v\) = 2 \ KT 


, 2 \ KT 


K> = 


m 


and 


(v±) = 


2 KT 


m 


Using equations (4.52) in (4.51), we get 


V R+VB Z 


-(TdSlg + !^g\ 

V Znr R 2 d U ) 


-( 


qB z r 

KT mP T . ^ KT m 
rn Q r B 2 z q 

■ **(*• i + _ 
qB z \rB i R 


>) 


5> 


(4.52) 


Defining the thermal velocity v th = >j2KTjm, we have 

v K+VB= + L\§ ^ j V th ( B r 1 n - 

Here, the v R+VB depends on the charge of the particle, but does not 
depend on its mass. 


Scanned by CamScanner 


4.6 Magnetic mirrors 


In the preceding section, we discussed about inhomogeneity in the mag¬ 
netic field where grad-5 had an angle with the direction perpendicular 
to the magnetic field 5 • Jiere, we shall discuss the case when grad-5 
is along the direction of 5. Let us consider a magnetic field which is 
primarily pointed in the 2-direction of the cylindrical coordinates (r, 0, 
z) and its magnitude varies in the 2-direction (Figure 4.7). The field ob¬ 
viously does not depend on 0, and the component Bg is zero. Density 
of the field lines varies radially so that the field strength varies with r. 
For the magnetic field 5, we have 


V. 5=0 


1 djrBr) dB z 
r dr dz 


(4.53) 




Figure 4-7: Magnetic field is primarily pointed in the 2 -direction and the mag¬ 
nitude of the field varies with r and 2 . 


Suppose, the variation of the magnetic field is known on the 2 -axis ( i.e 
dB z /dz is known at r = 0), and it does not vary much with r, then 
equation (4.53) can be integrated as 



= [r*r = -m t 

L dz ir=OJo 1 dz Jr=C 


Thus, we have 


5=--f—1 (*• 

2 I ■ dz Jr=o 

Hence, the variation of the magnetic field with r creates the grad-5 


(4.54) 


V5 = ^If = -- 

dr 2 I - dz Jr=c 
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This V B generates drift of the guiding centre with the velocity 


vvb= r L v± 


1 TlV± 

= T 4 T" 


B xVP 

B 2 


dz 


r=0 


0 


For the magnetic field B. velocity v and force F(-1« * B) 
v=v r r + v i » + v,i B= B r f + B z z F= F r t + F e 9 + F,i 


the components of the force are 


F r = qv e B z Fe = QVzBr - qv r B z F z - -qv 0 B r 


The terms qv 0 B z and —qv r B z give rise to the usual Larmor gyration 
about the z-direction. The term qv z B r vanishes on the z-axis. W hen it 
does not vanish, it causes a drift with velocity 


— 1 qv z B r 6x B v z B r „ 

q B — = ~B~ r 

Hence, the drift is in the radial direction and it makes the guiding centers 
to follow the field lines. The last term -qv 0 B r is of great interest in the 
present context. Using equation (4.54), we have 


F z = 


—qv$B r = - qv e r 


dB ; 
dz 


Let us now compute average of F z over one gyration. For simplicity, 
let us consider a particle whose guiding centre lies on the z-axis. Then 
because of the symmetry about the z-axis, n* is constant during gyration, 
and depending on the sign of the charge, we have v e = Tt , ± . Further, 
for the gyration, r is the Larmor radius r L . Thus, the average of F z is 


(Fz) 


= 2 <z(TtU>z, 


dB z 

dz 



qv± 


V± dBz 
w c dz 


= rri a v l m 9B z ^ 1 mv\ dB z 

2 Q \q\B dz 2 B ~dT 
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A gyrating particle creates a magnetic field, and we define the magnetic 
moment of the particle as 




(4.55) 


so that 


<^> = 



The negative sign shows that it is an example of force acting on a dia¬ 
magnetic particle. This force along the field lines can be written as 

r dB ~ 

F|l= ~^ S = ~^ V W D (4.56) 

where s is the length measured along the field line. It is interesting to 
notice that as the particle moves in the regions of stronger and weaker 
magnetic field, the magnetic moment n remains constant, which can be 
verified as follows. Equation (4.56) can be expressed as 




Multiplying this equation by uy(= ds/dt), we have 


dun dB ds 

’ m ’»dT = -' , a7d 't 
d /I 2 \ dB 

dt(2 m "l) = -'* dT (4 ' 57) 

For conservation of energy of the particle, we have 

mv l + \ mv i) = 0 ( 4 - 58 ) 

2 When a particle of charge \q\ makes uj c /2t: rounds per second in an orbit (loop) 
of radius tl we have the current I and the area of cross section A as 

/ = \q\uj c /2n A = n r\ — 

The magnetic moment p of the current loop is 

., |< 7 |w c _ 1 v 2 ± \q\ _ 1 mv 2 ± 

M “ u>? 2 tt “ 2 U) c "2 B 

This shows that the definition of the magnetic moment is the usual one. 
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Using equation (4.55) in (4.58), we have 


sd mt ’») + s ( ' iB)=0 (4 - 59 ) 

Using equation (4.57) in (4.59) we have 


f + - 0 



o 


Since the magnitude of the magnetic field is not zero, we have 



showing that /u remains constant. As m and fi for a particle are constant 
equation (4.55) gives 

v\ oc B 


Thus, when a particle moves from a weak-field region to a strong-field 
region, perpendicular component of the velocity v ± increases fast as it 
has degree 2. For the conservation of energy, with the increase of v ± , 
the parallel component of the velocity v,, necessarily decreases fast. If 
B is high enough in the ‘throat’ of the field, the v„ becomes practically 
zero, and the particle is reflected back towards a weak-field region where 

W H increases fact - 0n ^e other side also there is another ‘throat’ where 
magnetic field is again high and the v„ becomes practically zero and 
the particle is reflected back. Thus, the particle moves back and forth 
between the two throats (called mirrors) of the magnetic field, and is 
confined between the mirrors. Figure 48 shows a simple pair of coils 
producing nonuniform magnetic field which behaves like two magnetic 
mirrors between which a plasma can be trapped. Obviously, a large 

value of „ x ,s required for trapping of particles in the magnetic field. 
I his effect works on both ions and electrons. 

This method of trapping plasma is however not perfect. For example 
for the particles with #i = 0, there is no magnetic moment (equation 
4.55) and it would not experience any magnetic force. Further, for ex¬ 
ample, at the mid-plane (B = B„), the magnetic field is the lowest, and 
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following equation (4.55), vi is tbo • 

r r , ' mi mmum and therefore vn is the 

maximum, ihe particles can escanp f™™ 

escape from these regions. Let us obtain 

a criterion tor the escape of the particles. 


(8> Bo 

_ c 

o 


<8 

B n 

O 


Figure 4.8: A simple pair of coils produces nonuniform magnetic field which 
behaves like two magnetic mirrors between which a plasma may be trapped. 


Suppose at the mid-plane (B = B 0 ) a particle has v ± = v±0 and 
V|| = V|| 0 . When this particle reaches a turning point (B = B t ). let 
v± = v lt and V|| = 0. Then invariance of magnetic moment /z gives 


1 _ 1 mv ± t 
2 B 0 ~ 2 B t 


(4.60) 


Since in a magnetic field, there is no lose or gain of energy of a particle. 
Hence, the conservation of energy of the particle gives 


1 

2 




2 

It 


*>i < = »io+»|o = v l 


(4.61) 


where vq is the magnitude of velocity of the particle. From equation 
(4.60) and (4.61), we have 


Be 

B t 


«io v 2 




v 


Lt 


Vo 


= sin 


(4.62) 


where 9 is the pitch angle at the mid-plane. For a particle, smaller value 
of 6 gives smaller value of i>_lo and in turn smaller value of magnetic 
moment fi and thus the particle has larger probability of escaping away. 
These particles which have low value of 9 (low value of v±) in the weak- 
field region would have larger value of v± in the high-field region and 
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will be reflected back. If 9 is too small, a high-field region would not 
have sufficiently high value of v± and therefore no reflection occurs at 
all. 


At a throat replacing B t by B m (which is the maximum field strength) 
in equation (4.62), we have the smallest value of pitch angle 9 m at the 
mid-plane as 


. 2/a *0 1 

sm 9 m = —- = — 


where is the ratio of magnetic field in a throat and at the mid-plane 
of the magnetic field and is known as the mirror ratio. 



Figure 4.9: Velocity space where 9 m is the minimum 
mid-plane. 


value of pitch angle at the 


If we consider a velocity space as shown in Figure 4 . 9 , 9 m is the angle of 
a cone, called the ‘loss cone’ in the space. This loss cone is independent 
of mass m and charge <7 of a particle and depends on the magnetic fields 
Bo and B m . The particles lying within the cone are not confined by the 
magnetic field and escape out. Electrons are generally lost more easily 
because they have a higher collision frequency. 

The idea of magnetic mirror was first envisaged by Fermi as a mecha¬ 
nism for acceleration of cosmic rays. He proposed that protons bouncing 
between magnetic mirrors could gain energy i„ each bounce. Another ex¬ 
ample of magnetic confinement of plasma are the van Allen belts around 


■ 
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the earth. The magnetic field is strone at th« r^i 

. ., .. , ng at the P°le and weak at the eaua- 

tor and thus ,t makes a natural mirror with rather iarge ft,. 


4.7 Particle in a non-uniform electric 
uniform magnetic field 


field and 


Consider a particle of mass m and charge q moving with a velocity v in 
a uniform magnetic field B and a nonuniform electric field E 

E=E 0 cos(kx)i = E x i (463) 

with velocity v. Such sinusoidal electric field with wavelength A = 2ir/k 
can arise in a plasma during ajwave motion through it. The Lorentz 
force acting on the particle is q[E + v x B ] and the equation of motion 
of the particle is 

= liE+vxBl (4.64) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. Here, we use the Cartesian coordinate sys¬ 
tem. Let us take 2 -axis of the coordinate system along the direction 
of the applied uniform magnetic field B- That is B= Bk, where B is 
magnitude of the field, which is constant. For the velocity 


v = v x i + v y j + v z k 


we have 


v x B= v y Bi — v x Bj 


(4.65) 

(4.66) 


Using equations (4.63), (4.65) and (4.66) in (4.64), and equating the 
coefficients of i, j and k on the two sides of the resultant equation, we 
get 


rn v x = qE x + qBv y 

(4.67) 

m v y ~ —qBv x 

(4.68) 

m v z — 0 

(4.69) 


where a dot on a quantity represents its differentiation with respect to 
the time t. Integration of equation (4.69) gives 


v z = v z0 
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where v, 0 is the ^component of the initial velocity. Thus, the motion 
of the particle along the direction of the magnetic field is uniform. In- 
tegration of the above equation gives 

Z — Zo 


where zq is the constant of integration. This equation shows that the 
distance along z-axis changes linearly with time provided the particle 
has z-component of the initial velocity. 

On differentiating equation (4.67) and using the value of v y from 
equation (4.68). we get (mind that E T is independent of t) 


qB . /</£\2 2 / 

V x = — Vy= - (—) v x = -u r v x (4.70) 

m * \ m > ' 

where ui c = \q\B/m is the cyclotron frequency. On differentiating equa¬ 
tion (4.68) and using the value of v y from equation (4.67). we get 

cos(fcr) +’-o 
m m \ m m / 


^ r Eg 

B 


cos (kx) — ooj.v y 


(4.71) 


For solving equations (4.70) and (4.71), knowledge of x ( i.e the knowl¬ 
edge of the particle’s orbit) is essentially needed. If the electric field is 
weak, as an approximation, we can use x which was obtained in absence 
of the electric field (case of uniform magnetic field) 


x = x 0 + r L sin(u > c t + 0) (4.72) 

Since we are not interested in a gyration at u; c , it can be taken out by 

averaging over a cycle. The oscillatory term v y clearly averages to zero 
so that 

^2 Eq 

( v y ) = 0 = ^( cos \ k { x o + r L sin(u; c t + </>)}])_ u^(v y ) (4.73) 

where we have used equation (4.72). Expanding the cosine function, we 
have 


cos [fc{xo + ri sin(u> c i + 0)}] = cos(fcx 0 ) cos [krL sin(u; c t + 0)] 

— sin(fcxo) sinffcr/, sin(u; c t + 0)] (4.74) 
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For small Larmor radius, we have kr L « l and the Xaylor serjes ex . 
pansions are 

cos [kr L Sin(a > c t + 0)] = 1 - I( kr L sin (u c t + 0)) 2 - ... 


sin[fcr/, sin(u ; c t + 0)] = kr L sin (u r t + 0) - ... 

after neglecting the higher order terms in the Taylor expansions, and 
using them in equation (4.74), we have 

1.22 

cos [k{x 0 + r L sin(u; c £ + 0)}] = cos(^ 0 )[l - —L sin 2 (u; c f + 0)] 


- sm(kxo)krL sin(u; c f + 0) 


thus. 


(cos [k{xo + ri sin(u; c t + 0)}]) = cos(kx 0 ) - ^-^(sin 2 (u> c t + 0))j 

- sm(kxo)krL^ sin(u ) c t + 0)^ = cos(fcx 0 ) [l - ^ k 2 r 2 L (4.75) 


Using equation (4.75) in (4.73), we have 


(v y ) = cos(fcx 0 )[l - i k 2 r 2 L 


Exjxp) 

B 


1 


1 - j k 2 r\\ (4.76) 


Let us now equate the average of the oscillatory terms v x to zero so 
that 

( V x ) = 0 = ~U>c(Vx) (Vx) = 0 

Thus, the drift is along the y-direction (equation 4.76) and the usual 
drift, discussed earlier, is modified to 


v E = 


E X B r 


- i 


B 2 l" 4 

The correction term depends on k 2 and hence on the second derivative 3 
of E■ For the assumed E, the second derivative is always negative. For 


3 For the electric field E we have 


E= Eo cos (kx)i — = —kEo sin (kx)i 


&_e 

dx 2 


= -k 2 Eo cos(kx)i = -k 2 E 
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an arbitrary variation of E, we 


need only to replace (ik) by V, and th e 


drift velocity is 


ve= 


1 + \ r\V\ 


E * B 
B 2 


Figure 4.10 shows drift of a gyrating particle in a nonuniform electric fi e l d 
E 0 cos{kx)i and uniform magnetic field. 



Figure 410: Drift of a gyrating particle in a nonuniform electric field £ 0 coa(kx)l 
and uniform magnetic field. 

4.8 Particle in a time varying electric field and 
uniform magnetic field 

Consider a particle of mass m and charge £ moving in a uniform magnetic 
field B and a time varying electric field E 

E= Eq cos(u )t + <f/)i (4.77) 

with velocity 7. The Lorentz force acting on the particle is ? |£ + v 
x B ] and the equation of motion of the particle is 

m ~dt = ^E+vxb] (4.78) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. Here, we use the Cartesian coordinate sys¬ 
tem. Let us take 2 -axis of the coordinate system along the direction 


Scanned by CamScanner 




of the applied uniform magnetic field B. That is R= Rb h r • 
magnitude of the field, which is constant. For the velocity “ 


we have 


v — V X i + Vy j _|_ y^ 


v x B= VyDi - v x Bj 


(4.79) 


(4.80) 


Using equations (4.77), (4.79) and (4.80) in (4.78), and equating the 

coefficients of ., j and k on the two sides of the resulting equation, we 
get 


rnv x — qEo cos(u jt + 0') + qBv y 
mv y — qBv x 
mv z = 0 


(4.81) 

(4.82) 

(4.83) 


where a dot on a quantity represents its differentiation with respect to 
the time t. Equation (4.83) shows that 2-component of the velocity (i.e., 
along the direction of the applied magnetic field) is constant. 


v z = v z0 


where v z0 is the 2-component of initial velocity. Thus, the motion of the 
particle along the direction of the magnetic field is uniform. Integration 
of the above equation gives 

-2 = v z0 1 + Zq 


where 2o is the constant of integration. It shows that the distance along 
2 -axis changes linearly with time provided the particle has 2-component 
of initial velocity. On differentiating equation (4.81) and using the value 
of v y from equation (4.82), we get 

uiqEo sin(u;£ + 0') qB . 

V X = - 1 - Vy 

m m y 

cjqEo sin(u)t + 0') /<?£?\2 

m V m / 1 


= =F 


tuEoWcSin^t + 0') 


B 


-u 2 c v x 


(4.84) 
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where w c = \q\B/m is the cyclotron frequency, 
ating equation (4.82) and using the value of »* 


Similarly, on differenti- 
from equation (4.81), we 


get 




m 


qB /qE 0 cos{ut+f) + S?- V ) 


V 

s 

pd 

fc 

■Is 

1 

II 


u 2 Eo cos(ut + tf) _ cj 2 Vy 

(4.85) 

= "" IT 


On defining . , . . x/\ 

uEosm{ut + Q) 

(4.86) 

. 

Eq cos(ujt + (p') 

VE= iT 

(4.87) 

equations (4.84) and (4.85) can be expressed as 


Ux= -Uci v x ~ Vp) 

(4.88) 

Vy= ~^(Vy - VE) 

(4.89) 


When vp and ve are zero, i.e., there is only uniform magnetic field, the 
solutions are discussed earlier. Let us try solution of equations (4.88) 
and (4.89), which is sum of a drift and a gyration, in the following form 


v x = v± cos(u > c t + 0) + vp Vy — T v± sin(u; c i + 0) + vp 


Two times differentiation of equations gives 


v x = -uj 2 v x + ( u> 2 - u ) 2 )v P 

(4.90) 

Vy= -U 2 c Vy + (uj 2 - UJ 2 )v E 

(4.91) 


Equations (4.90) and (4.91) are not the same as (4.88) and (4.89), re¬ 
spectively, unless u 2 « u 2 . This condition can be obtained if we 
assume that E is so slowly varying such that J 2 « u 2 c . Then equa¬ 
tions (4.88) and (4.89), respectively, are solutions of equations (4.84) and 
(4.85). Equations (4.86) and (4.87) show that the guiding centre drift 
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has two components v P and v E along x- and ./-directions, respectively. 
The y-component is the usual drift (discussed earlier) 

v E = _j fo cos M + 0'h _ E x B 
B ^ ^2 

except that ve now oscillates slowly with a frequency u . The x-component. 
along the direction of the electric field E, known as polarization drift , is 


£ p= T ^o»inM + ^) , = ± J_d£ _ m d£ 

“cB u ) C B d t (} B 2 d t 

The polarization drift depends on the charge of the particle. Thus, 
the opposite charges move in opposite directions, and they constitute a 
current. _For the hydrogen plasma of protons and electrons the current 
density j is 

r i „ x ne , x d E p d E 

J P = ne{v ip - v ev ) = (m p + m e )— = — 

where m p and m e are masses of proton and electron, respectively, n is 
the density of protons as well as electron, and p the mass density. 

4.9 Particle in a time varying magnetic field 


Consider a particle of mass m and charge q moving in a time varying 
magnetic field B with velocity v. As the Lorentz force F (= q v x B) 
due to the magnetic field B) is perpendicular to the direction of the force, 
the magnetic field does not do any work on the particle and therefore, it 
does not change any energy of the particle. However, when B changes 
with time, it has an associated electric field E given by the Maxwell s 
equation 


V x E= ~ B 


( 4 . 92 ) 


where a dot on B represents hs differentiation with respect to the time 
t. This produced electric field E is perpendicular to the direction of the 
magnetic field B , and it can accelerate/decelerate the charged p 
Now, velocity of a particle is also changing and thus, the Lore 
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is changing. Owing to the electric field, velocity of the particle is almost 
in the direction perpendicular to the magnetic fi 

- dT 

Vl= ~dt 

be the transverse velocity of the particle (with t>„ negligibly small). Here, 
T is he element of the pathalong a particle trajectory. For the electric 
field E and magnetic field B, the equation of motion of the particle is 

jn-r- = q[E + v x B] 
at 

We have v = v±, and therefore, 

m —r— = q[E + v± x D] (4.93) 

dt 

Taking scalar product of v± with equation (4.93), we have 
m v± . = qvj_.[E+v±*B] 


dtV2 


m v\ 


\ _ - - dl 

)=qv ± .E=qE 


The change in one gyration is obtained by integrating over one period 


rl 
■ 2 


mv\ 


27 t/u c 
t =0 




/ 1 \ r2n/u c A ] 

5 (-2 mvl )=L qE -^ dt (494) 

For slow variation of the magnetic field, the time integral in equation 
(4.94) can be replaced by a line integral 

S (\ mv ±) = j>Q E . dl (4.95) 

Using Stokes’ theorem in equation (4.95), we have 

s (\ mv l) =q J s ^ x E) - dS 

= ~q / B.dS (4.96) 

J s 
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whCT e we used equation(4.92). Here, s is the surface enclosed by the 
Larmor orbit and is in the direction of the thumb when the fingers of the 
right hand pomt m the direction of ? (right-hand rule). Since a plasma 
is diamagnetic, we have B . d S < 0 for ions and B . dS> 0 for electrons. 

Further, for slowing varying field, 5 can be taken out in equation (4.96) 
and we have 


S {\ mV ^-) = ±q B t rr| = ± q7r D V 1 

= ±qn B — — rri L~ _ ^7r B 

uj c (±qB) B u c 

The quantity (2 tt B M = ( B /f c ) is the change SB during one rotation 
and thus, we have 

= ^SB ( 4 . 97 ) 

where the magnetic moment /r is defined as 

mv 2 , /2 

^ = — b~ (4.98) 

Using equation (4.98) in (4.97), we have 


S(nB) = nSB fiSB + BSfi = fxSB BS/j. = 0 

As the magnetic field is non-zero, we have 


Sn = 0 • (4.99) 

Hence, in the slowly varying magnetic field, the magnetic moment is 
invariant. 

As the magnetic field varies in strength, t>j_ (from equation 4.97) and 
hence the Larmor orbit expands and contacts, and the particles lose and 
gain transverse energy. This exchange of energy between the particles 
and the field is described by equation (4.99), that the magnetic moment 
remains conserved. 

Theorem: The magnetic flux through a Larmor orbit is conserved. 
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Proof: The flux 4> is given by 4> = BS, where S - *r 2 is the area 
enclosed by Larmor orbit. Thus, 


* = B*d = Bn V ji = Bi 


2 m 2 


B 2 


2tttti \mv\ 27 t m 

— ---— = — 7T- H 

q 2 B q 2 

Since n is constant, therefore, the flux through a Larmor orbit is con¬ 
stant. 


4.10 Problems and questions 

1. Derive expressions for cyclotron frequency and Larmor radius for a 

charged particle moving in a uniform magnetic field. Show that a 
plasma is diamagnetic. 

2. A uniform magnetic field is applied to a plasma having protons and 

electrons. Show that the charged particles move in helical paths, 
and the ratio of radii of the helix for a proton and for an electron 
is equal to the ratio of their masses. 

3. Derive an expression for drift velocity for a charged particle moving 

in the uniform magnetic and electric fields in the space. 

4. Derive an expression for drift velocity for a charged particle moving 

in a force and magnetic field in the space. 

5. Hydrogen plasma is placed in a uniform magnetic field and the 
gravitational field due to earth which are inclined to each other. 
Obtain an expression for the current density in the plasma. 

6. Discuss the principle of plasma confinement in a magnetic field. 

Obtain criterion for the escape of particles from the field. 

7. Derive an expression for drift velocity for a plasma placed in a 
sinusoidal electric field along with a uniform magnetic field. 

8. Derive an expression for polarization drift when a plasma is placed 

in a time-varying electric field along with a uniform magnetic field. 
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g. prove that the magnetic flux through a Larmor orbit is conserved. 

10. Show that for a slowly time-varying magnetic field, the magnetic 
moment of a particle is conserved. 

11 . Write short notes on the following 

(i) Grad-5 drift 

(ii) Curvature drift 

(iii) Magnetic mirrors 

(iv) Polarization drift 
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I Fluid Description of Plasma 


In the last chapter, we discussed about motions of charged particles in 
externally applied electric and magnetic fields. However, the situation in 
a plasma is not so simple, but complicated one. In fact, the electric and 
magnetic fields are not prescribed but are determined by the positions 
and motions of the particles themselves. As the moving charged particles 
generate fields anil the fields direct the particles to move in their orbits. 
Thus, a self-consistent solution for the particle trajectories and the field 
patterns need to be found. Further, this situation be allowed to vary 

with time. 


Typical density in a plasma density may be of the order of 10ion- 
electron pairs per m 3 and each of the particles follows a complicated 
trajectory. It is, obviously, not possible to discuss plasma s behaviour 
on the basis of the trajectories for a large number of particles. However, 
the plasma’s behaviour may be discussed with the help of a rather crude 
model, generally used in fluid mechanics, where we need not to care for 
the trajectories of individual particles. There we account for the density 
of the fluid. In this model, a plasma is treated as a fluid consisting of 
charged particles. In that scenario, we do not talk about the individual 
charged particles, but the charge and current densities. In an ordinary 
fluid, the constituent particles go on moving continuously due to frequent 
collisions among themselves. Though the particles in a plasma do not 
collide so frequently, it is fortunate to find that fluid mechanics still 
works. The reason behind the working of this model will be discussed 
later on! 


96 
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5.1 Relation of plasma physics and electromag¬ 
netic 

5.1.1 Maxwell’s equations 

Maxwell’s equations in vacuum are 


f oV. E= o 

(5.1) 

V x E= - B 

(5.2) 

V. B= 0 

• (5.3) 

Vx B= po(j +e 0 E) 

(5.4) 

where eo an( l f l o are permittivity and permeability, respectively, for the 
vacuum. These relations for a medium with permittivity e and perme- 

ability p m can be obtained as 


V. 5 = <x Vx E= - B V. B= 0 

Vx H=j + D 


where D and H are given by 

D= e E H=B Pm 

Here, cr and j stand for the free charge and current densities. The bound 
charge and current densities arising from polarization and magnetization 
of the medium are accounted for in terms of e and p m . Plasma is rather 
different from the usual mediums, its constituent particles, ions and 
electrons, are equivalent to the bound charges and currents. In plasma, 
these charges move in a complicated manner, and it is not possible to 
account for their effects in e and p m . Therefore, in plasma physics, it 
is customary to use the vacuum equations (5.1) — (5.4), in which o 
and j include all (both internal and external) charges and currents, 
respectively. 

5.1.2 Classical treatment o f plasma like a magnetic material 

In a plasma, each gyrating particle has a magnetic moment, and one may 
think logically to consider the plasma to be a magnetic material with 
permeability p m . (In order to distinguish between the permeability p m 
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and the magnetic moment //, the suffix m is added to the former one.) 
For a ferromagnetic material, magnetization M P er unit volume of a 
domain is 

M= 

i 

where V is the volume of the ferromagnetic domain and Mi s are indi¬ 
vidual magnetic moments of its constituent particles. This has the same 
effect as the bound-current density j 


jb= V x M 

In the vacuum, equation (5.4) can be written as 



Mo 1Vx B=jf + jb +eo E (5.6) 

where jf is the free-current density. Using equation (5.5) in (5.6). we 
get 

• /x^Vx B=j/ +Vx M +to E 
V x [mo 1 B - M] =jf +c 0 E 


Vx H=j f +e 0 E 
Here, we have defined 

H= Mo X B-M 

If we assume a linear relation between M and H as 


(5.7) 


M= XmH 

where is the magnetic susceptibility. Now, equation (5.7) gives 

H= Mo 1 D ~Xm H 

B= Mo(l + Xm) H 

B= Mm H= ^ M 
Xm 

It shows that in a magnetic material, magnetic field B (or ff) is pro 

portional to the total magnetic moment iu in a r>i 

r» i j t-j . . 6 eni M ' ln a Plasma with magnetic 

held B, each constituent particle has a magnetic moment p, 

mv 2 , l 

= IF X B 


(5.8) 
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Hence, in a plasma, relation between M .in- ! 

f ,. an( l B ls not linear as was the 

case for magnetic materials (eouatinn c Ti . , 

f . , tequation 5.8). It is therefore not possible 

to treat plasma as a magnetic medium. 

5.1.3 Classical treatment of dielectrics 


For a dielectric material, polarization per unit volume P is 

i 

where V is the volume of the material, and ps are the individual electric 
moments for the electric dipoles. This gives rise to a bound-charge 
density 

° b = _V - P (5.9) 


In the vacuum, equation (5.1) can be written as 

eoV. E= cr f + a b .(5.10) 


where oy is the free-charge density. Using equation (5.9) in (5.10), we 
get 

eoV. E= crf - V. P 
V.[e 0 E + P] = <r f 
V. D— Of 


where we defined 

D=eoE + P (5-11) 

If we assume a linear relation between P and E as 

P= e 0 Xe E ( 512 ) 


equation (5.11) gives 

D— eo E +foXe E 
= eo(l + Xe) E— c E 

where e = eo(l + Xe) is the dielectric constant. There seems no reason 
why the relation (5.12) cannot be valid in a plasma. 
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5.2 Equation of motion for fluid 

Maxwell’s equations (5.1)-(5.4) tell us about the electric field E and the 
magnetic field B for the given state of plasma («., for the given charge 
and current densities). For a self-consistent solution, we mus ave an 
equation describing the plasma’s response for the known E an B. In 
the fluid approximation, a plasma is considered as composed of two or 
more inter-penetrating fluids, one for each of the species m the plasma. 
The simplest case of a plasma is when it has only one specie of positively 
charged ions. For example, in a hydrogen plasma, where the positively 
charged ions are only the protons. Then we have only two fluids, one 
for the protons and the other for the electrons. Hence, for one kind of 
ions, we need only two equations of motion, one for the ion-fluid and the 
second for the electron-fluid. When the plasma is partially ionized, then 
we need one more equation of motion for the fluid of neutral atoms. 
The atoms’ fluid would interact with the fluids of ions and electrons 
only through collisions. The ion-fluid and the electron-fluid, however, 
interact with each other even in absence of collisions, because of the 
presence of E and B generated by themselves. 

5.2.1 Convective derivative 

Consider a particle of mass m and charge q moving in E and B with 
velocity v. The Lorentz force acting on the particle is q[E + v x B] 
and the equation of motion of the particle is 

m ^r=Q[E+vxB] ( 513 ) 

Velocity of the particle is non-relativistic and therefore its mass is as¬ 
sumed to remain constant. For a plasma, it is a good assumption that 
there are no collisions, and thus, no thermal motions of the particles. 
Hence, the particles in a fluid-element have no distribution of velocities, 
like Maxwellian distribution, and therefore, all of them move together. 
The average velocity u of the particles in the element is obviously the 
same as the velocity v of individual particle. The fluid equation is thus 

obtained by multiplying equation (5.13) by the particle density n and 
by replacing v by u as 
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mn 


d u 


d t ~ qn \ E +WXB] 


Now, we have 


J U (x,y,z,t) = ~ + + 9u dy du dz 

At 9t d * dt dydt + dldt 

du 


-l u i du 

dt dx V dy +u ^ 


du _ 

~-^+(u.V)u 

Using equation (5.15) in (5.14) we get 

r du _ _ _ 

mn [~dt + ' V ^ J = qn [ E + u x 5] 

5.2.2 Stress tensor 


y 



B 



J_ 


// 

□ 

j .* f . 






' jy 

/Az 


(5.14) 


(5.15) 


(5.16) 


Xq - Ax Xq Xq + Ax 


Figure 5.1: Origin of the elements of stress tensor. 

In order to account for the thermal motions, we need to add a term on 
the right side of equation (5.16) for the pressure force. This force arises 
from the random motions of the particles in and out of a fluid element. 
It obviously does not appear in the equation for a single particle as it 
has no chance to collide with the others. In order to drive an expression 
for the force, let us first consider only the ^-component of the motion. 
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j i t Ax Av Az centered at (x 0 , \Ay, ^Az) 
For that consider a fluid element A V 

as shown in Figure 1. ^ ^ A and B The number of 

The particles are moving velocities between 

particles per second passing through the face A 

v x and v x + Av x is 

A n vx v x AyAz 

A , f tAortirlcs moving with velocities be- 
where the number density An„, of part.clcs mo 


du. 


tween v x and v x + Av x is 1 

An„, = A v,r f° /(*.-**) du # 

J — 00 J-oc 

Each particle carries a momentum mu,. Let n denotes the density and 
T the temperature at the center of the element. The momentum P A+ 
carried into the element through A is 

P A+ = £ (A n vx v x Ay Az)mv x 


ovxmVx 


= £ A n vx mvl Ay Az = Ay Az £ An, 

/ oo roc 

/ f{v x ,v y , v z )dv y dv 2 
-oc J—oc 


‘For Maxwellian distribution function f{v x ,v y ,v z ), number density n is 

/ oo roc r oc 

/ / /(wx,w»,wx) dv^dtiydv* 

-OC J — oo J —oc 

The number density An UI of particles having velocities between v x and v x + Av x is 

roo roc 

Arivx = / / / f{vx,Vy,Vz) dt>xdv y du* 

J Vx J —oo J —oo 

For this small interval from v* to + Av,, the f(v x ,v y ,v z ) may be considered as 
independent of the variation of v x , and therefore, 


An, 


/•ttx+Ar* poo poo 

= / du x / / f(v x ,Vy,v z ) dVydVz 

J Vx J -OC J -oc 


= An. 


/:/: 


f{v x ,v y ,v z ) dv„dv* 
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[Jo J~oo J- 0 ^ lVx ^ Vx ' v y^ v z)dv x dvydv z ^ 

= AyAz\m(v 2 x ) [°° f°° f°°f( 

*■ ' Jo 7-00 7-o/ Vx ’ Vy ' v *)d v xdvydv 

= Ay Az\m(v‘i)- f f°° f^t/ -> 

[ 2 7-007-00 J_J( Vx ' v V’ v z)dv x dv y dv z ] A 

= Ay Az[m (v%) ^] A 

where (t^) is the velocity square averaged over the Maxwellian distribu¬ 
tion. Similarly, the momentum carried out through the face B is 

P B+ = &V &z[m (v 2 x ) ^] B 

Hence, the net gain in the x-component of momentum for the particles 
moving in the right direction is 


P A+ - Pb+ = As, Az m[{2 ( „2)} A _ {2 ( ^} b ] 

= &y Az m(-A*)^Q( v 2)) 

= -m Ax Ay Az A(| («J)) (5.17) 

The negative sign comes as we have considered that ( v 2 X ) at the face A 
is larger than that at B. In order to include contribution of the particles 
moving to left direction of the x-axis, equation (5.17) is just doubled. 
(Since we have the squared term v 2 , the contributions of the right moving 
and left moving particles are added.) The total change of momentum of 
the fluid element at xq is 

^ ^{nmAx Ay = — m Ax Ay Az J~( n ( v x )) 

Thus, we have 

j t (nmu x ) = -m 7L ( n{v 2 x )) (5.18) 

Let v x velocity of a particle can be resolved into two components: 


^x ^x "I” Vxr 


(5.19) 
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where u x is the x-component of the velocity of plasma-element, and v Xr 
is the random thermal velocity of the particle. Thus, on taking average, 
we have 

(V x ) = (U x ) + ( V xr ) M = U * 


as the average of the random thermal velocity is zero, and the velocity 
of the plasma-element is not varying. For one-dimensional Maxwellian 
distribution, we have 

\ m<t&> = \ KT (5.20) 

Using equations (5.19) and (5.20) in (5.18), we have 

^(nmuxj = —i m ^( n {( u x) + 2 (u x v xr ) + (^ Z r)}) 

= -»|(»H + 2{ - u ^ v " ) + }) 


Writing nu* as (nu x )(u x ) in equation (5.21), we get 

du x dn d . . du x 

mn—— + mu x — = -mu x —[nu x ) - mnu x -^— 
dt dt ox Ox 


d 


- — (nKT) (5.22) 


Using the equation of particle conservation 2 



d_ 

dx 


(nu x ) = 0 


in equation (5.22) and defining pressure p = nKT , we get 


du x du x dp 

mn—^~ = —mnu x — -— 


dt 


dx dx 


mn 


(du x du, 


dt 


+ Un 


dx > 


2 Equation of continuity is 


dn _ . —. 

— + V.(nit) = 0 


For one-dimensional space, it reduces to 


dn d . . 

- + -(nu,) = 0 


dp 

dx 
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This is the usual pressure gradient force and 

can be written as hree-dimensional space 

mn [^ + ( “ v )“] = -Vp (5 . 23) 

After including the electromagnetic forces, we have the fluid equation 

dt + “ ' V) u ] = «"( E + u x B ) - v p ( 5 . 24 ) 

The term Vp is due to thermal motion of charged particles. In the 
derivator of eqnat.on (5.23), we assumed that the fluid is isotropic so 
that the same results as derived for ^direction were used for the » 
and * directions also. The actual fluid may not be isotropic, and for 
example, the mot,on in x direction gives a transfer of momentum in « 
and 2 directions. Then in Figure 5.1, the particles may migrate in „ and 
2 directions. That is, the number of particles entering at the face A 
may not be the same as leaving the face B. This shear stress cannot 
be represented by a scalar p, and the scalar p is replaced by a tensor 
P. The components Pij = mnfavj) of the stress tensor P provides 
us information about both the direction of motion and the momentum- 
component involved. For an anisotropic fluid, Vp in equations (5.23) 
and (5.24) is replaced by VP, where P is the stress tensor. Let us now 
consider some simple cases of the stress tensor P. 

(i) For the isotropic Maxwellian fluid, the stress tensor P is 


P = 


p 0 0 
0 p 0 
0 0 p 


so that VP is just Vp. 

(ii) We have discussed that in the presence of magnetic magnetii 
field B, for a single specie in plasma there may be two temperatures Tj 
and Tj| corresponding the motion of charges perpendicular and paralle 
to the magnetic field, respectively. Thus, there would be two pressure 
Pi = nKT± and py = nfcTjj. For such anisotropic fluid, the stress tenso 
Pis 


P = 


Pi 

0 

0 


0 

Pi 

0 


0 
0 

p\\ J 


1 


I 


I 
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This tensor also is diagonal, but all the diagonal elements arejiot equal. 
However, it still shows isotropy in a plane perpendicular to B. 

In an ordinary fluid, the off-diagonal elements of the stress tensor VP 
are generally non-zero, and they are associated with viscosity of the fluid. 
When the particles make collisions, they exchange momentum between 
the colliding partners, and their directions of motion are changed. This 
process tends to equalize u at various points, giving the resistance to 
shear flow, which is known as the viscosity. 


5.2.3 Inclusion of collisions 


For derivation of equation (5.24), we considered plasma comprising the 
charged particles. In a partially ionized plasma, the neutral particles ex¬ 
change momentum with the charged particles through collisions. When 
a neutral particle moving with velocity ito collides with a charged par¬ 
ticle of plasma having velocity u, the momentum loss per collision will 
be proportional to the relative velocity (u — u 0 ). If the mean free time 
r between the collisions is nearly constant, the resulting force term due 
to the collisions can be written as —mn(u — uq)/t. Hence, to include 
the collisions, the equation of motion (5.24) (along with anisotropy in 
the fluid) can be expressed as 


mn 


\§ +i u.V)u]= q n(E + u,B)-VP- r ^^ 

‘ Ot - r 


Notice that still the collisions between the charged particles have not 
been included in the discussion. 


5.2.4 Comparison with ordinary hydrodynamics 


In an ordinary fluid, collisions among its constituent particles are quite 
frequent, and the fluid obeys the Navier-Stokes equation 


P 


r du 

i~dt 


+ ( u .V) u 


—Vp + pvV 2 u 


(5.25) 


where p is the mass density, v the kinetic viscosity coefficient. 

For a plasma, if we neglect collisions between the species (assuming 
only one specie), equation of motion for a plasma can be expressed as 


mnP +( u .V) u] =qn{E+ u x B)- VP (5.26) 

nf 
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Here, rnn(= p) is the mass density. If we takc ^ - = _ 

equations (5- 2 5) and (5.26) are the same, except the Shaving J 
and B It ». however, mteresting to „„ te that tor equa(ion ** * 

particles do not collide, whereas for the equation \ 

among the particles are quite frequent. 6 C ° lllslons 

“ * "<> were accented for the derivation 

of the equation (5.26). As we used the relation <«s \ = KT , , ‘ 

based on the Maxwellian distribution for frequent Elisions.'^blul 

that the collisions were used implicitly in the derivation. However the 

relation was used for taking the average of and any other distribution 

which gives the same value of can be used here, and the use of 

Maxwellian distribution is not necessary. The fluid theory of plasmas is 

therefore not sensitive to deviations from the Maxwellian distribution 

The only requirement is that any other distribution should give /„* \ - 

KT/m. * { xr) ~ 

Langmuir, in the electrostatic probes, discovered that the electron 
distribution function was more nearly the Maxwellian than could be 
obtained through the collisions. This empirical observation, known as 
the Langmuir paradox, has been attributed at times to high frequency 
collisions. Though no satisfactory resolution to the paradox has been 
found, but it supports the use of fluid model for plasmas. 

Another explanation that the fluid model works for plasmas can be 
provided in terms of the role played by the magnetic field as that of col¬ 
lisions. in a certain sense. When a charged particle moves in an electric 
field E, the field accelerates the particle and its velocity would increase 
continuously, if allowed. But, there are a large number of particles, and 
frequent collisions between them are taking place. Maximum velocity 
of particles come to a limiting value which is proportional to the fielc 
E. When we use magnetic field B in addition to E, the B also limit: 
free-streaming of the particles by turning them to gyrate in the Larmoi 
orbits. We also know about the drift velocity ~v E of charged particles 


v E = 


Ex B 
B 2 


In this sense, a collision-less plasma, in the presence of B, behaves 1 
collisional fluid. Thus, a fluid theory may be taken as valid for plai 




l 
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5.2.5 Equation of continuity 

In a fluid, consider a volume V enclosed by a closed surface S. If ^ 
fluid has various species, each of. them is conserved separately. Let u s 
consider one specie. Suppose particles are entering into the surface with 
velocity it, and at a surface element d£, the particle density is n. Then 
the particles enter through d5 at the rate — nu . dS. A negative sign is 
taken as the directions of u and d5 are opposite to each other. Thus 
the total rate of entering the particles through the closed surface is 

-fnu.dS ( 5 . 27 ) 

With the entering of the particles, the number density in the volume 
enclosed by the surface increases at the rate dn/dt. Thus, the rate of 
increase of particles in the volume V is 

XI dy OW) 


Equations (5.27) and (5.28) give the same rate of increase of particles 
and therefore, 



/ 


nu . dS 


(5.29) 


Using divergence theorem, which relates the surface integral to the vol- 
ume integral, equation (5.29) can be written as 


lvlft dV = -J v V - (”“) iV (5.30) 

Since in equation (5.30) both integrals are for the same volume, and 
therefore their integrands must be equal to give 

Tt = ~ V ' (n “> % + V. (nS) = 0 (5.31) 

This equation is known as the equation of continuity for each specie. 

Any sources or sinks of particles are to be added on the right side of 
equation (5.31). 
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5.2.6 Equation of state of plasma 

A fluid where the change of energy from the 
pressure p and density p of the fluid are related through The 
state 

P = Cp* 


out side is not allowed, the 
equation of 

(5.32) 


where C is a constant and 7 the ratio of the specific heats C p /C v of the 
fluid. For the particle density n, equation (5.32) can be written as 


p = C{mny = 


(5.33) 


where m is mass of a particle, and the C,(= CW») a constant. Thus, 
we have 

Vp = Ci 7 n 7-1 Vn 


and therefore, 


Vp Vn 



For isothermal system, we have p = nKT. Thus. 


Vp = V(nKT) = KT Vn 


(5.34) 


and therefore, 


Vp _ Vn 
p n 


(5.35) 


Comparison of equation (5.35) with (5.34) tells that 7 is 1 for an isother¬ 
mal fluid. For adiabatic compression, T will also change and therefore, 
the value of 7 is larger than 1. For a system with N degrees of freedom, 
the 7 is 

, 2 

7=1 + iv 

The validity of the equation of state (equation 5.32) requires the flow of 
heat to be negligible. Hence, the conductivity of the fluid to be very low. 
Further, low conductivity is more likely in the direction perpendicular to 
the magnetic field B than parallel to it. However, the basic phenomena 
are found to be described adequately by the equation of state (5.32). 
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5.2.7 Complete set of fluid equations 

As the simplest case, let us consider a plasma comprising two 
positive ions and electrons. For more species, the extension „f 
lowing equations is straight forward. When an ion and I j f °'- 
a plasma have charges q, and q e , particle densities n, and n T ^ 
moving with velocities i* and £, respectively, the change ** 

current density j are * S d nsity ° and 


° — nfli n e q c 


j riiqiUi +n e q e u e 


In a plasma (Huid) we have a large number of particles. Hence we 
no more consider motion of a single particle and therefore we V 

use u for the fluid instead of 7. When wc neglect collisZ 7 r “ 
ionized plasma) 3 and viscosity (i r i • f • l ' 6 '’ 

- (5 41 (5 241 V; a, 77 ’ tr ° P,C Plasma )' equations (5 11 

(5-4), (5.24), (5.31) and (5.32) form the following set of equations! 

eoV. E= n iqi + n e q e 

(5.36) 

(5.37) 

(5.38) 

(5.39) 


V x E= - B 


V. B= 0 


Mo Vx B— m +n e q e u e -f eo £ 


rrijUj 


\du i 

dt 


+ ( Uj .V) Uj ] = Qj nj ( E + Uj xB)~V Pj 


J = i, e 


dn 


dt 


f + V -K' Uj) = 0 j = j, 


Pj = Cjn? 


J = e 


There are 16 scalar unknowns: n.-, n„ d- n ,7 r 7 , - 

*’ te ’ Pc, u h u e , E and B and 18 

scalar equations when we account each vector equation as three scalar 
equations. Two Maxwell’s equations are superfluous as (5.36) and (5.38) 

3 As the collisions between the charged particles and neutral particles are quite 
frequent whereas the collisions between the charged particles themselves are rare. 
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oa „ be obtained from the divergence of (5.39) and (5.37).< A simulta- 

neMS SO '"“,° | n 0f 6 C “ Uations i" >« unknowns gives a self-consistent 
values of fields and motions in the fluid approximation. 

5.3 Fluid-drifts perpendicular to B 

A fluid element is composed of a large number of individual particles and 
the fluid may be expected to have drifts perpendicular to the direction 
of the magnet,c held B when individual guiding centers (of the particles) 
have such drifts. The term Vp, which appeared in the fluid equations, 
was not in the equations for the individual particles. Hence, for the 
fluid there could he one additional drift corresponding to Vp. For each 
species in a fluid we have the equation of motion 


mn Vdi + ( W ' V > U J = 9n ( E + “ x # ) - Vp 

Let the velocity be written as 


(5.40) 


u= (u_i_e± + U||ej|) exp (iut) 


we have 


^Taking divergence of equation (5.37), we have 


V.(Vx E) = 0 = -V. B= 0 


*(V. B)=0 


Thus. V. B= 0 when it is initially zero. This is equation (5.38). Taking divergence 
of equation (5.39), we have 


V.(VX B ) — 0 — PO[<pV.(rij Ui) .(He Ue) T 


Now, we have 

V.(n, u,) = - ri, 

Using these relations here, we have 


r V. E n 

Ho[-q, n, -q K n e + -^— u 


V.(n e u e ) = - tie 


Or _ J I 

— V. E -(mq> + n e q e )\ = 0 

dtl to J 


X 11US, 

’ — l 

V. E -(n,<?, + n e q e ) = 0 

to 

when it is initially zero. This is equation (5.36). 
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— = iu>(uj_e± + «||«||) exp(iu;0 


and 

u x B= uj.expdut) e i X B «l = 4 


Here, we are concerned only with the perpendicular component of V( , 
locity and we have 


mn(du/dt)± 
qnu x D 


imnuju±ex])(iujt) e± 


muj 

UJ 

qnu± exp (iujt)B e\ 


qB 

Uc 


For u; << u; c , we can neglect the term mn(0 u /dt) in comparison to 
the term (qnu x B). We shall also neglect the term (u . V) u and 
its justification would be discussed later on. For simplification, let us 
assume that E and B arc uniform, but n and p to have gradient. Then 
equation (5.40) can be written as 


0 = qn{E+ u ± x B)~ Vp ( 5 . 4 !) 

Taking cross product of equation (5.41) with B. we have 


0 = qn[ E x B +(u ± x B) x B ] - Vpx B 


0 = qn[E xB + B (u ± . B)~ «i B 2 ] - Vpx B 


-+ E * B Vpx B - — 

“- l= -b^--^ = “ e+Ur 

where 

- E x B 


The drift ue is the same as discussed in the preceding chapter. There 
is a new term ud known as the diamagnetic drift. Notice that up is 
perpendicular to the direction of the gradient in pressure. The neglect 
of the term (u .V) u is justified if E= 0. If E= -V0 ^ 0, the term 
(u .V) u is still zero if V0 is parallel to Vp. In case of non-zero value 
of (u .V) u , the solution becomes complicated. 


Vpx B 
qnB 2 
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as 


With the help of equation (5.34), the diamagnetic drift can be written 


u - = _7pVn*B 
qn 2 B 2 


• n g Bz and p = nKT, we have 

')KTz x Vn 


Using 


Uq= 


qnB 


For isothermal plasma (7 = 1 ) with geometry shown in Figure 5.2. where 
Vn = n' r, we get the following expressions having wide application 

Q-machines 

r / 

KT e n' . 

0 n 


in 


- KTiti' - 

UDi= ~lB^ 9 


UDe= ~ 


eBn 


The magnetic drift can be easily calculated with the formula 

AT(eV) 1 m 


UD = 


B(T) A(m) s 
where A = |n/n'| is the density scale length. 



Figure 5.2: Diamagnetic drifts in a cylindrical plasma. 


5.4 Fluid-drifts parallel to B 


The component, parallel to B , of the equation of motion (Equation 5.24) 
of fluid is 


mn 


du z 
■ dt 


+ ( u .V)u z 


= qnE z - 


dp 

dz 


(5.42) 
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_ — ... ... i pt us consider u z to be 

as the term m x B is zero. For simplicity, .. 

/- rrw is zero and using equation 
spatially uniform, then the term (« • v )u z 

(5.33) in (5.42). we have 

p 7 On 


Otl z 9 r- _ _ 

aT = m mn 2 dz 


q F - 
= — 


7 KT On 


(5.43) 


771 


77771 Oz 

On integrating this equation, we get 

, q Jl£rdny + UM ( 5 . 44 ) 

Uz=z \m z mn Oz) 

where «is a constant. This shows that the fluid is accelerated along B 
under the combined effect of electrostatic and pressure gradrent forces. 

Equation (5.44) gives the fluid-drift parallel to B • 

Equation (5.43) can be used for drawing an important result. The 
electrons, being very light may be considered as massless. For electrons, 
m o . q = -e and T = T e . As the particles are moving along B, they 

do not see any effect of it and we can write Vx£=-B= 0. Thus, we 
have E= -V0, where 0 is the scalar potential. Equation (5.43) can be 
expressed as 

0v~ _ 'yKT On 

= <l E z -«- 

Ot n Oz 

For electron, we get 

0(f) \ 7 KT e O n 


0 = (—e)f — — 2_L_£ _ 

x Oz) n Oz 


0(t> 7 KT t O n 

6 Wz = ~y z ( 5 - 45 ) 

Being light in weight, the electrons are so mobile that their heat con¬ 
duction can be taken almost infinite. We can therefore assume thermal 
electrons and can take 7=1. Now, integration of equation (5.45) gives 

e 4> = KT e In n + C 

For the case when 0 = 0, n = we have C =-KT e In n 0 , and thus 

e0 = KT e In n - KT e In n 0 = KT e Inf 

Vn 0 / 
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Hence, 


" “ "» exp WKT.) (5.46) 

» is just th ° Boltz '"“ nn relation for electrons Equation (5.46) shows 
that the number of electrons increases exponentially with the increase 

of the P0tent,al *■ Th ': eXpreision ca " understood that electrons, 
being light are very mobile and would be accelerated to high energies 
quickly when they experience a net force. 

5.5 Plasma approximation 

In usual applications of Maxwell’s equations, the electric field £ is cal¬ 
culated from the Poisson equation 

f oV. £= a 

for the given charge density a. A plasma has a tendency to remain 
neutral; when the positive ions move, the electrons follow them. The £ 
must adjust itself to preserve the neutrality. The charge density is of 
secondary importance in plasmas. Now, £ is calculated from the equa¬ 
tions of motion of the ions and electrons. For the known £, Poisson 
equation is used to calculate the charge density. Hence, the use of Pois¬ 
son equation for plasmas is in a reverse order. This is, however, the case 
for low-frequency motions in which the electron inertia does not play 
any role. 

In a plasma, it customary to assume rq = n e while V. £/ 0, though 
it violates the Poisson equation. This is known as the plasma approx¬ 
imation. A fundamental distinction of plasmas is not to use Poisson 
equation to calculate £ unless it is unavoidable. In the set of fluid equa¬ 
tions, we may remove Poisson equation and also one of the unknowns 
by setting rij = n e = n. 

The aforesaid plasma approximation is not valid in high-frequency 
electron waves. Then £ is found from Maxwell s equations rather than 
from the equations of motion of ions and electrons. 

Regarding the validity of plasma approximation would be discussed 
when theory of ion waves would be discussed. At that time we shall 
have a clear picture for the use of Poisson equation in the derivation of 
Debye shielding. 
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5.6 Problems and questions 

1. Though each gyrating particle in a plasma has its magnetic mo¬ 

ment, but the plasma cannot be treated as a magnetic material. 
Comment on it. 

2. Derive equation of motion for an isotropic plasma. How it is modified 

for partially ionized, anisotropic plasma. 

3. Particles in a plasma do not collide so frequently as in an ordinary 

fluid, but fluid mechanics still works for a plasma. Comment on 

it. 

4. Derive expressions for fluid-drifts perpendicular and parallel to the 

magnetic field B 

5. Write short notes on the following 

(i) Maxwell’s equations 

(ii) Stress tensor for a plasma 

(v) Comparison of ordinary hydrodynamics with plasma dynam¬ 
ics 

(vi) Equation of continuity 

(vii) Equation of state of plasma 

« 

(viii) Complete set of fluid equations 

(ix) Diamagnetic drift 

(x) Fluid-drifts perpendicular to B 

(x) Fluid-drifts parallel to B 

(xi) Plasma approximation 
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Because of large density, plasma is considered as 

discuss propagation of waves in a fluid plasma^ * ^ Here ' We shal1 


6.1 Representation of waves 


A sinusoidally oscillating quantity, say, the particle den * 

expressed as ^ 


n = tiq e l ^ k r ~ ut ) 


n > can be 


(6.1) 


As a convention, the real part of a complex number is a me 
quantity. For example, in equation (6.1), the measurable quItoyU 


n 


n 0 cos(fc.f -ut) 


( 6 . 2 ) 


This equation (6.2) represents a wave having a constant amplitude n 0 , 
wave-vector k and angular frequency u. When the wave propagation is 
only in one direction, say, x-direction, the wave-vector fc has only one 
component (let us denote it, without any suffix, by k) and thus, the 
wave equation along the x-direction is 


n = n 0 e i(kx wt) or n = n 0 cos (kx - ut) (6.3) 


A point of constant phase on the wave moves so that 


— (kx — u it) = 0 
dt ^ ' 



— u = 0 


dx u 



Here, v$ is known as the phase velocity. When u/k is positive, the 
wave propagates in the right direction, that is, the x increases with the 
increase of t so that kx — ut remains constant. When u/k is negative, 
the wave propagates in the left direction, that is, the x decreases with 


117 
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the increase of < so that fcr - ut remains constant. Equation (R » . 
that reversing the signs of both ui and k makes no difference ' '''''' 

Let us now consider another sinusoidally oscillating quantity i„ 
direction, say, the electric field E. expressed as °" e 


E=E 0 e '( k *-“t+6) 


E=Eq cos (kx - ut + S) 


w ere E 0 is a real constant vector and 5 the phase angle. In eqnaf 
• ) and (6.2), the phase angle was zero. Information about the ^ 
ang e can be merged into the amplitude in the following manner ^ 

E=Eo jite-ut+S) = £ o c i6 e i(kx-u*) = g c e i(kx-urt) 

where_ Ee is a complex^ amplitude. The phase angle can be obtain- 
tom Ec as Re(E, ) = E„ cos f, and Im(£ ) = E„ sin S. Thus, 


tan 8 = 


Im(E c ) 
R e(Ec) 


6.2 Group velocity of a wave 

It may be unbelievable, at the first instance, to know that the phase 
velocity of a wave in a plasma often exceeds the velocity of light c How 
ever, there is no violation of the theory of relativity, because an infinitely 
long wave of constant amplitude does not carry any information For 
example, carrier of a radio wave carries no information until it is modu¬ 
lated. The modulation-information does not travel at the phase velocity, 
but at the group velocity, which is always smaller than c. Consider a 

modulated wave formed by addition of the following two waves of nearly 
equal frequencies. 3 

Ei = Eq cos [(k + A k)x - (u + Au >)t] 

E 2 = E q cos [{k - A k)x - (u - Au ;)f] 

where E x and E 2 differ in frequency by 2Au;. Appropriate to the 
medium, each wave propagating through it must have the phase ve¬ 
locity u/k. Thus, there should be a difference 2A k in the wave-vector. 
Denoting 


a = kx — uit 


b = (A k)x - (Au»)t 
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E x = Eo cos(a + 6) 


E2 — Eq cos(a - b) (6.5) 


Addition 


of these equations gives 


ft+E 2 = £0 cos(a + b) + E 0 cos(o- 6 ) = 2E { 


0 cos a cos b 


Using equation (6.4) in (6.6), we have 

Ei + E 2 = 2£ 0 cos[(M)x - (Au;)f] cos(fcx - art) 

This is a sinusoidal modulated wave (Figure 6.1) with variable amplitude 
2 £ 0 cos[(A k)x - (Aw)t], which travels with velocity Au;/AA: and carries 
information. Taking Au; 0 (or A k -*• 0), group velocity is defined 


as 




Figure 6 1: Spatial variation of the resultant o f two waves with a frequency 


difference 


6.3 Linearisation of equations 

Consider a plasma where a particle has mass m, charge q and average 
velocity is u in an electric field E and magnetic field B• Let the plasma 
be homogeneous and isotropic with the particle density be n and kinetic 
temperature T. In the preceding chapter, we obtained a set of equa 
tions. This set of equations can be solved with the help of the process 
of linearisation of equations. Here, we shall discuss the procedure of 
linearisation for the following equations: 
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(a) Equation of motion of the particle 

ranf— + ( u .V) u = qn( E + w x B ) - 7 KTVn ^ ^ 

where K is the Boltzmann constant, and 7 the ratio of specific heats at 
constant pressure and constant volume. 

(b) Equation of continuity 

dn _ . 

— + V.(nu) = 0 (68) 

(c) Poisson equation 

coV. E= e{ni - n e ) ( 6 

where n t and n e are densities of positive ions and electrons, respectively 
and an ion and an electron carry equal magnitude e of the charge. 

Th e proced ure of linearisation is applicable only when amplitn^ 
of each os cillat ing quantity is small, so that the terms having two or 
higher degrees of amplitude can be neglected. For linearisation, the 
first step is to separate the variable parameters into two parts: (i) an 
equilibrium part, which represents the state of matter in absence of 
oscillations and is indicated by a subscript 0, and (ii) the perturbation 
part due to oscillations, indicated by a subscript 1: 


ft — ft() H“ ftl 


E = E q + El 


U = U 0 + Ui 


<p = <t >0 + 01 


B = Bq + Bi ( 6 . 10 ) 

Before perturbations, the plasma is homogeneous and at rest, so that 
Vn 0 = V0 O =u 0 = E 0 = 0 ^0 _ Q ^ 

6.3.1 Linearisation of the equation of motion 

Using equations (6.10) and (6.11) in (6.7) we get 

Q 

m (no + m )[j t A + ui) + {(w 0 + U!).v}( u 0 + u x )] 

= q(n 0 + «i)[(£o + E\) + (uq + m) x ( B 0 + £j)j _ 7 KTV(n 0 + ni) 
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so that 

rditi — _ , 

+ ni)[ W + ( «, .V) u, ] = ,(„ 0 + Bl) [ £ + 5 x{S<) + 

- iKTVn i (6.12) 

Neglecting the quadratic and higher degree terms in equation (6.12), we 
have 

du[ _ g 

mn ° dt ~ qn °( El + u > * Bo) - 'yKTVri] 

6.3.2 Linearisation of the equation of continuity 

Using equations (6.10) and (6.11) in (6.8) we get 

Q 

— (no + ni) + V.[(n 0 + ni)(u 0 + iq)] = 0 

9ti i 

- 3 T + V.[«o «i +ni tTi] = 0 

at 

The term n\U\ is quadratic in amplitude, and can be neglected. Now, 
we have 

^ + V.(n 0 u\) = 0 ^-+n 0 V. ui=0 

6.3.3 Linearisation of Poisson equation 

Using equations (6.10) and (6.11) in (6.9) we get 

eoV.(£o “I” Bi) = e[nio (neo E n e i)] 


e 0 V. E i= -e n e i 

where we have used n 2 = riio as ions are stationary, n e = n e o + n eii an< ^ 
n io = n e o (as in the equilibrium, the neutrality is maintained). 
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6.4 Plasma oscillations 

... r hareed particles in a plasma are uniformly 
In an equilibrium posi i » neutrality is maintained everywhere, 

distributed in such a manner relative to the uniform back- 

ground of the ions, an restore the neutrality. While return- 

“ *» » U " thB -T Te ££ overshoot and now the electric 

ing back, owing tom, which tries to pull back the 

electrons^ their positions of equilibrium. Thus, the electrons osci„ ate 
about their equilibrium positions with a character, ,c frequency, known 
as the plasma fluency. Because of low mass of electrons, these Cecil- 
lations are so fast that the massive ions are not capable to respond the 
oscillating field, generated by the oscillations of electrons. Hence, the 

ions may be treated as fixed. 

An expression for the plasma frequency uj p can be derived in a simple 
manner with the help of the following assumptions: 


(i) The plasma has a quite large extent. 

(ii) There is no magnetic field, so that from the Maxwell equation, we 

have 

Vx E — - B= 0 and hence, E= —V</> 


where 0 is a scalar quantity. 

(iii) The ions are fixed and form a uniform background in the space. 

(iv) There are no thermal motions. 

(v) Due to electric field generated in the plasma, motion of the electrons 

are along one direction, say, the x direction. Thus, we have 

__ d , 

V = fa 1 a nd E=Ei 

The equations of motion and continuity for an electron are 

\du e -| . 

meHe 1 .~dt + ^ Ue Ue J = ~en e E (6.13) 
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(6.14'» 

Here , we are assuming collision-less, homogene 
These are high frequency oscillations, generate 118 ^ iS ° tr ° pic plasma - 
neutrality and therefore, we can use PoiscJ** ^ ^ to deviation from 
motion eqUatl ° n for ^e-dimensional 

dE 


«0 


dx 


= e (nt - n e ) 


(6.15) 


where n * and n e are densities of ions and electrons 

amplitude of each oscillating quantity is small thn !l re ! Pectlvely< When 

' (615) 7 ^ S °‘ Ved by . U h Si " g the of the linearisation^ whirl 

the terms hav.ng two and h.gher powers of amplitnde are neglected pi 

thU, let us first separate the variable parameters into two parts- C 

an equilibrium part, which represents the state of plasma in absence of 

oscillations, and is indicated by a subscript 0 and (ii) the perturbation 

part due to oscillations, indicated by a subscript 1: 


n e = no + ni u e = u 0 + u x E = E Q + (6.16) 

Before displacement of electrons, plasma is homogeneous and at rest so 
that 


Vn 0 = uq = E 0 = 0 


dno duo 


= 0 


(6.17) 


dt dt 

Using equations (6.16) and (6.17) in (6.13) - (6.15) and on linearisation, 
we get 


du\ dn\ _ — dE\ 

m e-Qf = -eEi; + noV. ui= 0; e °~dx = _eni 6-18 

For convenience, we consider one-dimensional case and assume that the 
oscillating quantities behave sinusoidally as Then the time 

derivative ( d/dt) can be replaced by — iu>, and the gradient V by ik. 
From the equations (6.18), we get 


—im e Luu\ = —eE\ 

(6.19) 

—iu)n\ = —noikui 

(6.20) 

ikeoE\ = —en\ 

(6.21) 
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Equations (6.19) - (6.21) can be rearranged as 


= -e 



so that n 

l n o e \ n 

m e uj -)ui = 0 

\ co^ ' 

Since u\ is not zero, we have 

2 riQp 2 

u =- 

m e e o 

Thus, the plasma frequency u p is 



Plasma frequency depending on the plasma density is also a fundamental 
parameter for a plasma. Since mass of electron is very low, plasma 
frequency is very high. Using the values of various parameters, plasma 
frequency (Hz) for electron is given by 


f p = u> p /2i r « 9 >fn 

where n is the electron density per m 3 . For a plasma having electron 
density n = 10 18 m -3 , we have 

f P = 9(l0 18 ) V2 = 9 x 10 9 Hz = 9 GHz 

Hence, the plasma frequency generally lies in the microwave region. 1 
Equation (6.22) shows that u does not depend on k, and therefore, the 
group velocity du/dk is zero. Thus, no information transmits through 
these waves from one region to another. 

Electromagnetic radiation of frequency smaller than the plasma fre¬ 
quency (u; < Up), on incidence on the plasma are reflected back, whereas 
the radiation of frequency larger than the plasma frequency (w > uj p ) 
transmit through the plasma. This property of plasma in the ionosphere 
around the earth has been exploited for communication purposes. Ob¬ 
viously, in order to communicate with the geostationary satellites the 
frequency of the signal must be larger than the plasma frequency of the 
ionosphere. 

‘Cyclotron frequency for electron is f ce 28 GHz/Tesla. Hence, when B ~ 032 
Tesla and n = 10 18 nT 3 , plasma and cyclotron frequencies for electrons are equal. 
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6.5 Electron plasma waves 


I» the preVi0US 5 ^ ti .° n ’ , We " no th '™al motions and found that 
the electrons oscillate about their equilibrium positions with frequency 
...uirh is independent of k. Thus tho -- , . equency 


• 4 fl m , - - lIU111 portions with frequency 

uy « hich fe ,ndePenden ‘ ° fc ' f ThUS -*»«P velocity is zero, anln j 
there is no transm.ss.on of mformation from one place to another When 
the thermal motions arc included, i, provides propagation of plasma 
oscillations. Electrons moving with their thermal velocities into adjacent 
layers of plasma can carry mformation regarding the happening in the 
previous oscillating region. Propagation of such mformation is known 
as the electron plasma waves. Such waves can be obtained through 
inclusion of the term -Vp e , due to thermal motions of electrons, in the 
equation of motion. 

If we take all the assumptions of the previous section except the 
assumption (iv), (i-e-, here we include thermal motions), the equations 

. *• r___x__ 


-v / ' ' 

of motion and continuity for an electron are 


rdu e , —► —» i —► 

merie [~dt "I" ^ Ue 'V' Ue = ~ eTle E ~^P> 


dn e 

~dt 


+ V.(n e u e ) = 0 


(6.23) 


(6.24) 


Here, we are assuming collision-less, homogeneous and isotropic plasma. 
These are high frequency oscillations which are generated due to de¬ 
viation from neutrality and therefore, we can use Poisson equation for 
one-dimensional motion 


dE , v 
e°^= e(n* — n e ) 


(6.25) 


where n, and n e are densities of ions and electrons, respectively. When 
amplitude of each oscillating quantity is small, the set of equations (6.23) 
- (6.25) can be solved by using the procedure of linearisation, where 
the terms having two and higher powers of amplitude are neglected. For 
this, let us first separate the variable parameters into two parts (one¬ 
dimensional case): (i) an equilibrium part, which represents the state of 
plasma in absence of oscillations, and is indicated by a subscript 0 and 
(ii) the perturbation part due to oscillations, indicated by a subscript 1. 

E = Eq + Ei (6.26) 


Tie = n 0 + 7*1 


U e = Uq + U\ 
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m .pksmaP^fi 

, nf electrons, plasm* is homogeneous and at rest, 

Before displacement ote 

dn 0 

that ^ nn - = Eo = 0 ~dt ~ 0 (6.27) 


so 


uo 


UTli 


at 

dx 

The term V Pc for one-dimensional space can be written as 

d Pe = 22^^ = 7^e|(n° + »i) “ 

to " n c 9 * «c <*r 

For one-dimensional space we have 

2 2 o 

7 = 1 + iv _1+ i 

Using equations (6.26) - (6.28) in (6.23) - (6.25) and on linearisati 
we get 

9u\ /on F Q&'T ^ 
m e iiQ-^- = -enohi - 6ni e ^ 


nation. 

(6.29) 


aril 9ui _ n 

-r— + Uq —— — U 


dEi 

eo d^ = " eni ( 6 -31) 

For convenience, we consider one-dimensional case and assume that the 
oscillating quantities behave sinusoidally as e^ fcx_wf ). Then the time 
derivative (0/0i) can be replaced by -iuj, and the gradient d/dx by ik. 
From the equations (6.29) - (6.31), we get 


—im e nQLoui = -en Q E l - 3 KT e ikn x 
—iun i = — u^iku\ 
ikeoEx = —en\ 


Equations (6.32) - (6.34) can be 


rearranged as 


-«m e 


(6.32) 

(6.33) 

(6.34) 


so that 
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Wr _ 3 KT e k 2 i 
m e e 0 m„ 


ui=o 


Since ut is “ ot Mro ’ we have 

m e 



w here ^p( s n oe 2 / m e e o) 1S the P lasma frequency discussed earlier and 
y/2 TCTeJ^e) ^ ie thermal velocity in one-dimensional space, 

figure 6.2 shows a plot of the dispersion relation-a variation of w versus 



Figure 6.2: Variation of u versus k for electron plasma waves 


<t a poin t P on the curve, the slope of the line joining the point and 
he OT tejn gives the phase veloc ity u*, whereas the tangent to the curve 
tP gives th ejiQUP-Yelocity u g . We can write 

u p + 3 u \ 

12 - Z2 + 9 Uth 



It shows that the phase velocity u* is never smaller than i/P u th . 
When k -> oo, the phase velocity -► v'W? u th- The gr0,ip veloclty 
u g is obtained in the following manner 


2a; da; = - 2k dfc 
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Hence, the group velocity is 


_ du; 3 k 2 _ 3 ufh 
Ua= dk = 2 u Ulh " 2 ^ 



J2u£_n-i/2 

3 k*u 2 J 


It shows that the group velocity u g is never larger than \/3/2 u^. When 
k -^oo, the group velocity u g — > >/3/2 

When we move along the dispersion curve from a large value of k 
towards the point k = 0, the phase velocity varies from \/ 7 &j 7 2 to the 
infinite value whereas the group velocity varies from \/3/2 u t ^ to the 
zero value. Thus, the range of the phase velocity is from \/3/2 u^~to 
infinite whereas the range of the group velocity is from zero to y / '3/2 u th 
We can write 



For u < LOp, k becomes imaginary, it shows that there is a cut-off 
frequency u> = ui p above which an electron plasma wave can propagate. 
For imaginary fc, the spatial dependence exp (ikx) shows an exponential 
attenuation. The depth 5 through which an electron wave with u> < u> p 
can propagate can be obtained as 


e ikx _ e -|fc|x _ e -k/S 


6 = i*r* 



Uth 

-u ; 2 ) 1 / 2 


6.6 Sound waves 


After discussion of electron waves, we want to discuss about ion waves. 
Before discussion of ion waves, however, let us first discuss about the 
sound waves, which take place in an ordinary medium. Neglecting the 
viscosity, the equation of motion is 

•V) u ] = -Vp (6.35) 

and state are 
dp 

— +V.(pu) = 0 and p = Cp 7 (6.36) 


du _ 

p br +(u 

and the equations of continuity 
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where p is the mass density. We have 

Vp = 

P P (6.37) 

Whe, \Z' itU <6 36)7'“ rr 1 " 8 qUantity 18 «“"• ‘he set of er.ua- 
tions (6^35) - (6.36) can be solved by using the procedure of linearisa¬ 
tion. where the terms havmg two and higher powers of amplitude are 
neglected. For tins, let us hrst separate the variable parameters into 
two parts: (.) an equ.hbnum part, which represents the state of matter 
in absence of osc.llat.ons, and is indicated by a subscript 0 and (ii) the 
perturbation part due to oscillations, indicated by a subscript 1- 


p = p 0 + Pi “- “0 -Mil p = Po+ Pl (6.38) 

Before displacement of particles, medium is homogeneous and at rest 
so that 

Vpo =u„= Vp„ = 0 - *£ = 0 (6.391 


u — ^0 + U\ 


dpo duo 


dt dt 


(6.39) 


Using equations (6.37) — (6.39) in (6.35) and after linearisation, we get 

\du\ , — -* I 7 Po „ 

Po + ( w i -^) u i — -^Pi 

dt J Po 

The term ( u\ .V) u\ is quadratic in amplitude, and can be neglected. 
Now, we have 

dui 7po r7 lc 

Po-kt = -Vpi (6.40) 

dt po 


Using equations (6.38) - (6.39) in first of (6.36) and after linearisation, 


we get 


TjjT + V. (po «i) = 0 


+ PoV. ui=0 (6.41) 


For convenience, we consider one-dimensional case and assume that the 
oscillating quantities behave sinusoidally as e l ^ kx u, 7 Then the time 
derivative ( d/dt) can be replaced by —iu>, and the gradient (d/dx) by 
ik. Now, equations (6.40) and (6.41) become 

-hppou. = kpx < 6 ' 42 ) 

• , ■i' P ° n (6.4 3 ) 

—iup\ + pqikui = 0 v 
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Equations (6.42) and (6.43) can be rearra g 


J 2 _ UE^-k 2 

Po 


Ml 


= 0 


Since U\ is not zero, we have 


u 


2 


7 PO k 2 
Po 


Using po = noh T and po n ° mp 


oj __ /7Po\ 1/2 

k ' ' po ' 

where trip is mass of a proton, we 


get 


« = njgi)' /2 ^c s 

k \ m T , ' 


rv r 

where c, is the velocity of to 

propagating from oneM*“ waves . For one-dimensional case, 

ttzxzz* - -—- ° f - - 


are 

gas 


are 

do; [3 

dk = V 2 ““ 

where u, h = JlKT/mp is the average thermal velocity of a,oms >" 
the gas. It is interesting to find that in a fully ionized plasma («., in 
absence of collisions), analogous waves, called the ‘ion acoustic waves', 
or simply, the ‘ion waves are found. 



6.7 Ion waves 

In a fully ionized plasma, in absence of collisions, sound waves do not 
occur. Ions, being charged particles, can transmit vibrations to each 
other. Since ions are massive particles, these vibrations will be low 
frequency oscillations. In absence of magnetic field B , from the Maxwell 
equation, we have 

V x E— — B= 0 and hence, E= —V0 

where 0 is a scalar quantity. The equations of motion and continuity for 
an ion are 
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(6.44) 


TTliTli 

drii 

~dt 


dui __ 

.~dt + ^ Ul 

+ v.{mui) = o 


eTl iB -Vp, 


prom the equation of state Pi = Cp]\ We havg 

Vp t = 7f Pi— = - - ktv? 

n i n, 1 ~ yiKTiVrii 

Here, we have used ft = n,KT„ Hence, equation (6.44) of motion 
be written as 


(6.45) 


can 


m 


r dui . -i 

iU l '~dt + ( • V) J = ~ enV( t> ~ liKT&n 


(6.46) 


where we have used the plasma approximation n = n — . , 

fore, we shall not use the Poisson equation. When amplitude of each 
oscillating quantity is small, let us linearize the equation (6.46) by ne¬ 
glecting the terms having two and higher powers of amplitude. For 
this, let us first separate the variable parameters into two parts: (i) 
an equilibrium part, which represents the state of plasma in absence of 
oscillations, and is indicated by a subscript 0 and (ii) the perturbation 
part due to oscillations, indicated by a subscript 1: 

n = n 0 + ni u t = u 0 + u r < f > = < p 0 + ( f )l ( 647 ) 

Before displacement of electrons, plasma is homogeneous and at rest, sc 
that „ 

OUq 


Vn 0 = uq = V0 O = 0 


dt 


= 0 


(6.48 


Using equations (6.47) and (6.48) in (6.46) and on linearisation, we g( 


du 


miTio = —en o V0i - ^ATjVni (6.49 

♦ —4 

Fluid drift parallel to B is the same as in absence of B- For the electri 
field E= -V(j) = -V(</>o + 0i) = — V0i, the density of massless electron 
is (mass of an electron may be considered as negligible in comparison t 
that of proton) 

le = n = no ex P(xf-) 


n e 


= no(l + jffT + •••) = «o(l + 


e0i_\ 

ktJ 


} 

i 


V 
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Neglecting higher order terms, we have 

e<P 1 


n — tiq = 71q 


KT P 


n\ = no 


e<t>\ 

KT P 


(6.50) 


Equation (6.49) can be written as 


m t n 0 — = —en 0 V</>i- ~ v<pl 


(6.51) 


dt T ‘ T e 

Using equations (6.47) - (6.48) in (6.45) and on linearisation, we get 

dn i 


dt 


+ uqV. ui= 0 


(6.52) 


For convenience, we consider one-dimensional case and assume that the 
oscillating quantities behave sinusoidally as Then the time 

derivative ( d/dt ) can be replaced by -iu, and the gradient V by ik. 
From the equations (6.50) — (6.52), we get 


n i = no 


e<t>i 

KTe 


/■y i'flQST'i 

-im,inQUJU\ = -enoikfa -—— ik<p\ 

* e 

—iuni -I- noikui = 0 

Equations (6.53) — (6.55) can be rearranged as 

/ 'yiTi 

—imiTioujui = —ikenoi 1 1 1 1 


(6.53) 

(6.54) 

(6.55) 


[i + -fr m 




= -ifcn 0 (l + = -ikK (T e +-uTi)—ui 

v T e > nne u 


so that 


_ k_K^ ^ + _ o 


m, 


Since u\ is not equal to zero, we have 
. .2 


* _ (K Te + nKT^W 
k \ iru ) ~ Vs 


(6.56) 
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This is the dispersion relation for ion *• 

sound speed in a plasma. Obviously v S ^ Here ’ v » is the 

as well as the group velocity of the wLve PhaSe Vel ° C ' ty 

tends to zero, ion wave still exist and its velocity is '° n t<!mPeratUre T ' 


v s = (^Zky/ 2 

V TTl, ) 


This does happen in a neutral gas. 

6.8 Validity of plasma approximation v 

In the preceding section, in the derivation of the velocity of ion waves 
we have used the neutrality condition n, = and have taken 
value for the electnc Held E. It is in violation of the Poisson equation 
For estimating the error introduced in the process, let us assume n,* n 
and consider the Poisson equation for the hydrogen plasma 

e 0 V. E= e(rii - n e ) 

In absence of 5. we have E= -V0, and the Poisson equation is 


-€qV 2 0 = e(m - n e ) 


(6.57) 


When amplitude of each oscillating quantity is small, let us linearize 
the equation (6.57) by neglecting the terms having two and higher pow¬ 
ers of amplitude. For this, let us first separate the variable parameters 
into two parts: (i) an equilibrium part, which represents the state of 
plasma in absence of oscillations, and is indicated by a subscript 0 and 
(ii) the perturbation part due to oscillations, indicated by a subscript 1: 


~ Ui0 + n *i n e = n e0 + n e i 

Using equation (6.58) in (6.57) we have 

~ e oV 2 (0 o + 0i) = e (n i0 + nn ~ n e o ~ n e i) 


0 = 0o + <Ai (6.58) 


(6.59) 


ore displacement of electrons, plasma is homogeneous and at rest, so 
that 


-eoV 2 0 o = e (riio ~ n e o) 


(6.60) 
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Subtracting equation (6.60) from (6.59), we get 

-e o V 2 0i = e(nn - n e i ) 


( 6 . 61 ) 


Fluid drift parallel to D is the same as in absence of B. The density 0 f 
massless electrons is (mass of an electron may be considered as neglig^ 
in comparison to that of proton) 


n e = no exp 


\ktJ 


n e Q “(~ 


= n 0 exp( 


6(00 + 0i)' 


KTe 


We have 


/ e<t ) o\ 
UeO — ) 


Subtracting equation (6.63) from (6.62). we get 

/e(0 o + 0i)\ / e0o \ 

n e l = n 0 exp (^—— -J - n 0 ex P{j^f ) 


( 6 . 62 ) 


(6.63) 


= no exp 



e0i 

KT e 



601 

KT e 


For convenience, we consider one-dimensional case and assume that the 
oscillating quantities behave sinusoidally as e ^ fcx_u;t \ Then the time 
derivative (d/dt) can be replaced by -iuj. and the gradient d/dx by ik. 
From equation (6.61), we get 


,2 i , 601 

e 0 k 01 + en eOjfjT = eni 
6001 ( k 2 + -5-) = eni 


2 


:)- 


eni 


‘"M* ' eoKT t . 

6 O 0i (k 2 \ 2 D + l) = en\\ 2 D (6.64) 


Equations (6.54), (6.55) and (6.64) can be rearranged as 


-im l nou:u\ = —ikeno 


1 + 


7 iTn 


01 = -ikeno 


1 + 


][ 


eAr 


D 


hTi 

T e ^60(1 + fc 2 Ap) 


ni 


= - iken ( 


[1 + 7iTi l 

r_ e 1 

eo^T e -j 

nok- 

L T e i 

Le 0 (l + fc 2 A2 ) )J 

( n e0 e 2 J 

. a; - 


Ui 
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so that 



Since n\ is not equal to zero, we have 



(6.65) 


Comparison of equations (6.65) and (6.56) shows that in our plasma 
approximation ( n t — n e ), an error of the order of k 2 \ 2 D (= {2n\ /\\2 
is introduced. Since A„ in comparison to A is very^ in most of 
the cases, the plasma approximation is valid, except for the cases of the 
shortest wavelengths. u 


6.9 Some definitions for waves 

In the discussion^so far, we did not account for the magnetic field £ In 
the presence of B, several other types of waves are possible. Let us first 
introduce some terminology for the waves. 


(i) Parallel and perpendicular is used to denote the direction of k 

relative to the unperturbed magnetic field B 0 . 

(ii) Longitudinal and transverse is used to denote the direction of fc 
relative to the perturbed (oscillating) electric field E\. 

(iii) The wave is termed electrostatic when the oscillating magnetic 
field B\ is zero. 

(iv) The wave is termed electromagnetic when the oscillating magnetic 
field B\ is finite (non-zero). 

Let us consider the Maxwell equation 

Vx E= ( 6 - 66 ) 

dt 


I 


1 
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and resolve E and D into two parts: (i) an equilibrium part, which 
represents the state of plasma in absence of oscillations, and indicated by 
a subscript 0 and (ii) the perturbation part due to oscillations, indicated 
by a subscript 1: 

E = E 0 + Ei B = Bo + B\ (6.67) 


Using equation (6.67) in (6.66), we have 

- dB 0 dB x 

VX(* + *) 

Since the equilibrium parts do not depend on time as well as on the 
space coordinates, we have 

dBi 


Vx E\ = 


dt 


( 6 . 68 ) 


Let us assume that the oscillating quantities behave sinusoidally as 


E\—Em 6 


i( k ■ r -ujt) 


Bi=B m e i ( fc r ~ wt ) 


(6.69) 


Using equation (6.69) in (6.68), we have 


i k x E\= -(— iu) B\ 


k x E\= ui B\ 


When a wave is longitudinal, i.e., k is parallel to E\, we have k * E\= 
0, and Bi= 0 showing that the wave is electrostatic also. When a wave 
is^ transverse, i.e., k is perpendicular to E\, we have k x E\^ 0, and 
B0 showing that the wave is electromagnetic also. 

In general, k may have an arbitrary angle to J3 0 and E\, then the 
wave would have a combination of the principal modes discussed above 
in (i) - (iv). 


^6.10 Electrostatic electron waves perpendicular 
to B 


In an equilibrium position, charged particles in a plasma are uniformly 
distributed in such a manner that neutrality is maintained. When elec¬ 
trons in a plasma are displaced relative to the uniform background of 
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io ns, an electric hekl is developed in such a dir r 

thc electrons back to restore neutrality 0 f th ° D that H tries to P”H 

ing back, owing to inertia, the electrons oversh return ‘ 

field is developed in the reverse direction JhiT ^ ^ C,eCtric 

electrons to their positions of equilibrium. Thus ^ ^ PUU back the 

about their position of equilibrium. Further US, the elec tr°ns oscillate 

magnetic field, the motions of electrons are^i^ ^ ^ presence of 

mass of electrons, their oscillations are so fast tha"^ ******* of low 

not capable to respond the oscillating field, gene ^ ^ massive ions are 

of the electrons. Hence, thc ions may be tre^ted^ ^ ^ ° SCillations 

form background. We assume also that there ^ formin R a uni- 

(T c = 0). The equations of motion and continuinV' 0 thGrmal m ° tions 
d t7 Ulty for ar > electron are 

m ,4^+(i.v); e i = - mc(i+ ; ixi) (67o) 


dt 


dn e _ . —, 

— + V.(n e u e ) = 0 

m (6.71) 

Here, we are fuming collision-less, honrogeneous and isotrop.c pla8raa 

These are high frequency oscillations which are generated due to de2 
tion from neutrality and therefore, we can use Poisson equation 


e 0 V. E= e(m - n e ) 


(6.72) 


where n t and n e are densities of ions and electrons, respectively When 
amplitude of each oscillating quantity is small, the set of equations (6 70) 
- (6.72) can be solved by using the procedure of linearisation, where 
the terms having two and higher powers of amplitude are neglected. For 
this, let us first separate the variable parameters into two parts: (i) 
an equilibrium part, which represents the state of plasma in absence of 
oscillations, and is indicated by a subscript 0 and (ii) the perturbation 
part due to oscillations, indicated by a subscript 1: 


n e-n 0 + ni u e = u 0 + ui E = E 0 + E x (6.73) 

Since we want to address an electrostatic wave, perturbation of B is not 
accounted for (z.e., B = Bo). Before displacement of electrons, plasma 
is homogeneous and at rest, so that 

Vn 0 = uq = E q = 0 ^ = 0 (6.74) 

at 
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Using equations (6.73) and (6.74) in (6.70) - (6.72) and on linearisation 
we get 


m 


du\ 


= —e(E\ + ui x Bo) 


c dt 

+ noV. ui= 0 
ot 

c 0 V. E\= -en\ 


(6.75) 

(6.76) 

(6.77) 


Bo 


wave fronts 


k , £i 


Figure 6.3: A longitudinal plane wave propagating at right angle to B 0 


Here, we shall consider only longitudinal waves with k parallel £\ Let 
us consider x-axis along k and E\, and 2 -axis along £ 0 (Figure 6 3) 
Hence, k = kr, E x = E x i- B 0 = B 0 k ; u x = + u y j + u z k. We assume 


that the oscillating quantities behave sinusoidally as e i ^ k ^~ ut ) Then 
the time derivative (d/dt) can be replaced by -i w , and the gradient” 
by ik. From the equations (6.75) - (6.77), we get 


im e uju x - eE\ — eu y Bo 

(6.78) 

iiTif>uiu y — eu x Bo 

(6.79) 

ivn e uj / ii z ~ 0 

(6.80) 

—iu)rt\ Tioiku x = 0 

(6.81) 

ikeoEi = —en\ 

(6.82) 


Using u y from equation (6.79) in (6.78), we get 

—im e oju x = ~eE l - eB 0 ( ~ 0 

' —im e ui 
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finis- 


fP 


iving- 


eE\ e 2 B 2 

it x = -—~ + ~-^ fl e£, , .2 

im e u; u; 2 m 2 

e *ni eU , 

u x = ~~(i _ 

tm e u; V w 2 j 


(6.83) 


where Wc = eft/m. is the cyclotron frequency. „ k . 

infinite when a; = u c . Equations (6.81) - f fi oox * obv,ousl y tends to 
in ; ^ 83 ) can he - 


iktoE\ 


/n 0 fc> 

i 


e V ' J 

)U X 


V UJ > 



/n 0 eA:> 

)I^L( 

l 

1 

' UJ > 

' im e uj V 



so 


that 


l_^c _ n Q e J_~ 
w2 eo m e u) 2 . 


Ei =0 


Since E\ is not zero, we have 

,2 


1 _ _ no e 2 J._u> 2 

e 0 m e w 2 ~ cj 2 


where u; p = (n 0 e 2 /eom e ) 1 / 2 is the plasma frequency. Thus, we have 

U = Up + co 2 = CJ? . 

p c h (6.84) 

The frequency a/* is known as the upper hybrid frequency. Electrostatic 
electron waves perpendicular to B have this frequency whereas the 
electron waves parallel to B have the frequency Wp . The group velocity 
is zero, as thermal motion is not accounted for. As the magnetic field 
goes to zero, u, c goes to zero and we have the plasma oscillations with 
requency u p . As the electron density goes to zero, u p goes to zero 
an we ave a simple Larmor gyration. Existence of the upper hybrid 
requency has been verified experimentally. 

Equation (6.84) can be written as 


2 1 ~ 1 ~ 


n Q e‘ 


u 


eom e u* 


!t Sh ° WS that varie s linearly with the density 


n 0 . 
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6*11 Electrostatic ion waves perpcndicnl 

^ to 


a 


Let _us now investigate the ion acoustic wave where ~k is 
to B 0 . Her eju we_consider that the angle between fc an^f 

so that k . B^ 0. The geometry is shown in Figure 6.4 “ ^ ' 


l Ost 


wave fronts 



x 


Figure 6.4: An electrostatic 

to Bq 


ion cyclotron wave 


propagating nearly at right 


angle 


We also eonaider electrostatic waves with 0, and th e re f or - 
i i !.e., Vx o, Therefore, E\= —v<£ wherp a • ^ 

qumrtity. We assume also that there are no thermal motionMT^m 
he equatrons of motion and continuity for an ion are * = 0) ' 


r dm , 

miTli L~aF + ^ Ui u i ] = eni(-V0+ Ui x B 0 ) 


dni 

dt 


+ V.(nj Ui) = 0 


(6.85) 

( 6 . 86 ) 


e, we have used the plasma approximation m = n ~ n and 

«i“;:: u rr when 

the terms having two and higher poJTof^pmude^r thjTl” 6 


u i — Uq Ui 


0 — 0 0 + 01 


n i — n o + ni (6.87) 
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Befor e displacement of electrons, plasma is homogeneous and at rest 
that _ 

Vno — w o— V0 O = 0 dno 

~zr =0 ( r s 


so 


( 6 . 88 ) 


Using equations (6.87) and (6.88) in (6.85, and on linearisation, we get 

du\ 


'* dt ~ " reV< ^ > i + C ?7i X B 0 


(6.89) 


Assuming that electrons can move along B„. Fluid drift parallel to 
Ure magnetic field is the same as in its absence. For the electric field 

E = -V* = 7 V(00 + 0,1 “ the density of massless electrons is 

(mass of an electron may be considered as negligible in comparison to 
that of proton) 


n, 


= n = n 0 exp(-^L) 

e<t> i 


= ""l 1 + w e + • • ■) = +S-) 


Neglecting higher order terms, we have 

e<t> i 


n-rift — no 


KT P 


n\ = n 0 


e< />i 

AX 


(6.90) 


Using equations (6.87) and (6.88) in (6.86) and on linearisation, we gel 

dn\ _ 

—+n 0 V. m=0 (6.91 

Here, we shall consider only l(!yigitudinal waves with A: parallel E\. Le 
us consider rr-axis along k and E\, and 2 -axis along Bq. Further, le 
the oscillating quantities behave sinusoidally. Hence, k = ki; Bo = 
B 0 k\ ui = (u x i + u y j + u z k). We assume that the oscillating quantitie; 

behave sinusoidally as e^ k r ~ ut \ Then the time derivative ( d/dt ) cai 
be replaced by —iu, and the gradient V by i k- From the equation 

/ / /I /\ 4 \ 


(6.89) - (6.91), we get 

—iunijUx = —eik({> i + eu y Bo 

-iurriiUy = -eu x Bo 

—iu>m l u z = 0 
ecpi 

ni=n ° m 

-iuni + noiku x = 0 


(6.9 

(6.9 

(6.9 
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Using u y from equation (6.93) in (6.92), we get 
—iumiiu x = -eikfa + 

' iujrrii' x 

Hence, 

u x = e ^- + (H%\ u _ efc^i n; 

“™i 1 MU + u !*< 

giving, 

u x = 

c onrti 



2 ,=^(i4r‘ 

ujrm \ up) 


UJ i 


(6.97) 


(6971 0° l eB ° /mi " ^ i0n CyCl0tr ° n freqUenCy ' Equations (6g ,. 

(b.97) can be rearranged as 16.95) 


ek / 

i_£g> 

Lorrii ' 

up > 

ek 

f, Mr 


1 -£ 

urrii 

V up 


n 0 e 


ni 


(KT e \ /npk' 


Since u x is not zero, we have 


n 0 e * V (jj 


)u T 


,2 0 2 , 2 KT e 


U 2 ~tf c = k 


rrii 


Since we have assumed Tj = 0, we can write 

“ 2 = Sll + fcV 




This is dispersion relation for electrostatic ^ 

waves also have been detected experimentally! WaV6S ' ” 

6.12 Lower hybrid frequency 

In the preceding section, we considered that tV.o 1 u -* 

Bo is almost x/2 so that 7 g Jn „ , S ^ * and 

d* • t1 ' ‘ L ■ B ° * °- When the angle between k and 

o is exactly 7r/2, the electrons are not allowed to 
hv flntmnrr d a. ,. allowed to preserve neutrality 

of !Z t 7 “ S 0t t0rce ’ and hence they also ° b ey equatiol 
of motron. The equates of motion and continuity for an ion and an 
electron are 

du( 

~dt + ( Ui ’V) Ui J = en i(~V^> + Ui x B 0 ) (6.98) 


mini 
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(6.99) 


dni 

dt 


+ v. (Hi 3) = o 


meTlc [ dt + ^ Ue ’^) Ui ] ~ eTl e(-VHtT e xB 0 ) (6.100) 


<9n fi 

dt 


+ V. (n e 3) = 0 


( 6 . 101 ) 


Equations (6.98) and (6.99) are solved in the preceding section and 
have 


we 


Mix 


ekcpi ^ nok 


L 0 - 3 ) 


and 


ujrrii v u> 


= ~u lx ( 6 . 102 ) 


Solution of the equations (6.100) and (6.101) can be obtained in a similar 
manner by replacing e by —e, rrii by m e , Q r by —u> c in equations (6.102) 


as 


Uex 


= -^(l -i)' 1 and n el = ^u„ (6.103) 

um e v u) 1 u 


The plasma approximation n* = n e = no requires n t \ = n e i and thus, 
u = Uex (using second equations of 6.102 and 6.103). From equations 
(6.102) and (6.103), we have 




m, 


+ 7Ti e ) — TYl e UJ c + 


= e 2 B 0 2 (- + -) 
\rrii m e > 


giving, 


u> 2 = 


miTn e 


= ClrOJ, 


c"c 


u = \J n c uj c = 


This frequency uji is known as the lower hybrid frequency. 
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6.13 Electromagnetic waves with B 0 - o 

I„ a plasma, we have Eo = 0 and jb = 0. Thus, for B 0 = 0 , 
consider the Maxwell dilations 


let 


Us 


Vx E\ = 


dBi 

dt 


- / r . dEi \ 

Vx D\= + ^~Qf) 

Equation (6.105) can be rearranged as 


(6-104) 

(6-105) 


! Vxi?i=' + 
eo 


ji , dEi 


dt 


( 6 . 106 ) 


l/^To the speed of light. Differentiating equation (6.106) with 

respect to time, we have ^ _ 

OBi 1 dji &E± 


0 KS 1 ^ * | 

cVx -dT = 7 0 -m + dt* 


(6.107) 


Taking curl of equation (6.104), we have 

dB x 

V x (Vx £i) = -Vx-^ 


8Bi 


V(V. El) - V 2 Ei= -V x — 
Using equation (6.107) in equation (6.108), we have 

1 dji 1 d 2 E\ 


(6.108) 


V(V. E{) - V £i= c 2 0*2 


(6.109) 


We assume that the oscillating quantities behave sinusoidally as k ut \ 
Then the time derivative ( d/dt ) can be replaced by —iu, and the gradi¬ 
ent V by ik- From the equation (6.109), we get 

ik (it ■ Ei) - (ik) 2 Ei 

C cQ ^ 


-k(k.E l ) + k 2 E l =^-J l +^E l 
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for the transverse wave, we have * . £, = 0 Thus _ 


lU 


?lc 2 E\- — ii +a; ^1 


to 


(w 2 - c 2 /c 2 ) E\ = i 


co 


ji (6.110) 


For high frequency waves («*, li ght waves and ^ 

• Qc ri vnr] r Pl_ , i ' * 


may 


be considered as fixed. Then the 


motion of electrons only is 


the ions 
current density is due to the 


j 1 = -noeu el 


The equation of motion is 

du e . -> — -j _ 

m e n e [ ir + ( u e -V)u e j = -en e ( E +u e x B) 

Here, we are considering that the electron temperature T e is zero. After 
linearisation with «o = 0> = 0 and £?o= 0, we have 

du e \ —> 

mt ^r = “ e£i 

We assume that the oscillating quantities behave sinusoidally as e i( * • r ~ ujt \ 
Then the time derivative ( d/dt ) can be replaced by -iu and we get 


m e (—iuj) u e \ eE\ 


U ei = (r~ )i?l (6.111) 


Thus, we have 


-)£ (u; 2 - c 2 k 2 )E: E l 

Jl ~ \im e J 1 im * u ’ 

Here we have used equation (6.110). Since E \^ 0, we have 

,2 


u 


2 -C 2 k 2 = n ° e 


e 0 m e 


a; 2 - c 2 k 2 = u 2 


u 2 = Up + c 2 k 2 


where Wp = (noe 2 /^) 1 ' 2 is the plasma frequency. This is the dis¬ 
persion relation for transverse electromagnetic waves propagating in a 
plasma with B 0 = 0- For electromagnetic waves in vacuum we have 


2 Maxwell’s equations for electromagnetic waves in vacuum are 

dBi 


Vx E 1= - 


( 6 . 112 ) 


dt 
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= C 2 * 2 . It Shows that there is an additional term w 2 . The phase 


velocity is 


^ = ^l + 0 2 


jfc 2 fc 2 


u) L t M P- 

% + c 2 k 2 ~ U * 


It shows that 
velocity is 


the phase velocity is always greater than c. The group 


2u> do; = 2 c k dk 


^ = — = — 
d k cj/fc v <t> 


- 1-4 


U>£ X-l/2 

c 2 k 2/ 


c 2 Vx Bi = 


(6.113) 


Since in a vacuum we have J= 0, and c = 1/VSS5 is the speed of light. Different!, 
ating equation (6.112) with respect to time, we have 


dE\ _ 
dt dt 2 


Taking curl of equation (6.113), we have 


dEi 

c 2 V x (Vx Bi) = V x — 


Using equation (6.114) in equation (6.115). we have 


c 2 V x (Vx Bi) = — 


c 2 [v(v.Bi)-(v.v)Bi)] = -^pr 


-c 2 (V.V) J3i) = — 


(6.114) 


(6.115) 


where we have used V. B\— 0. We assume that the oscillating quantities behave 
sinusoidally as e‘ ( k ' T ~ Mt) ■ Then time derivative (d/dt) can be replaced by -iu>, and 
the gradient V by ifc, and we have 


c 2 (k ■ k) B\ — u> B i 


c 2 k 2 Bi=u 2 B\ 


Since B\ 0, we have 


2.2 ,2 

c k — LJ 


u 

k =c 


Thus, phase velocity as well as group velocity of the light waves is c. 
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It shows that the group velocity is always smaller than c. When k - oo, 
the phase velocity u$ —> c, and also the group velocity u# —> c. This 
dispersion relation is shown in Figure 6.5. 


LJ 



Figure 6.5: Variation of u; p with k for electromagnetic waves in a plasma 
with no DC magnetic field 


This figure is similar to that in the case of the electron plasma waves 
but the behaviour is quite different as the asymptotic velocity in the 
present case is c and in that case was y/3/2 v th . Further, there is a 
difference in the damping as in the case of electron waves 



is larger than the present value 



At the critical density n = n c , we have u = u p . When u> < u p , the 
Wave vector k is an imaginary number. Since spatial dependence of the 
wave is exp (ikx), it will be attenuated for imaginary value of k. The 
skin depth <5 is obtained as 


e ifcx _ e ~\k\x — e - k / 5 



C 

(wj - ^ 2 ) 1/2 


Thus, there is a cut-off frequency for a wave to propagate through the 
plasma. The phenomenon of cut-off frequency is an easy way to measure 
plasma density. With the increase of the density, u> p increases and the 
frequencies satisfying u> < <jJ p are attenuated. Attenuation of a wave 


| 




1 : 


f 
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with frequency ut shows that the density in the region is more than the 

critical value 2 

m c « 

n c = —-#~ 

_ \ = 10.6 u m. Calculate the mini- 

Exercise 1: CO 2 laser operates at A 

exercise 1 2 . t joes not allow transmission of 

mum cut-off density of the plasma tha 

the laser beam. 

Solution: The frequency of the C0 2 laser is 

c _ = 2.8 x 10 13 Hz 

f - \ in fi x 10" 6 


The critical density is 

m e eo(2nf) 2 
Uc ~ e 2 

a , „ ,0-31 y S.854 X 1<T 12 X P * 314 X 2 8 * 
=-(1.6 x 10-19)* 


= 10 25 m- 3 

• 25 ~"3 

Thus, the minimum cut-off density is 10 ' m . 

6.14 Electromagnetic waves perpendicular to B 0 

In the last section, we considered propagation of electromagnetic waves 
when there is no magnetic field. Now, we account for the propaga¬ 
tion of electromagnetic waves when a magnetic field So is present. In 
the present section, we consider the case of perpendicular propagation, 
k-LBo. If we take the transverse waves with k -LEi, we have two op¬ 
tions for the direction of E\: (i) E\ may be parallel to Bq — the case 
of ordinary waves and (ii) E\ may be perpendicular to Bq — the case of 
extraordinary waves. Let us consider these cases one by one. 

I. Ordinary waves - the case of E\\\Bq 

In a plasma^ we have E 0 = 0 and j 0 = 0. Let us consider Bo = Bofc, 
k = ki, and E\ = E\k. Since the magnetic field Bq is uniform and 
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in* 1 


lep 


e» (! 


lent 


0 f time, we still have the Maxwell equations 




dBi 

£ 1 = 


and 


c 2 Vx R It* / 

'% J,+ ¥ (6116) 


« l//l^ IS the P f lg lt - As d >scussed in the preceding 
*h ere tion (6.116) can be transformed to 

section. 


For 


be tra nsverse wave, we have fc . £1 = 0 and thus, 


2,2 + 

c 2 * ^ ^ 


(to c 2 fc 2 ) Ei= - — jj (6.117) 
eo co 

For high frequency waves (e.g., light waves and microwaves), the ions 
° . he considered as fixed. Then the current density is due to the 

Ilia) U 

motion of electrons as 

ji = -n 0 eu el (6.118) 


The equation of motion is 


TUe^e 


du t 

Cdt 


+ ( u e -V)u e j — —en e { E + u e x B ) 


Here, we are assuming that theelectron temperature T e is zero. After 
linearisation with uq = 0, and Eq = 0, we have 


du e \ —» 

m e —^— = -eE 1 —eu el 
01 


x Bn 


Since E\ is parallel to z-axis, we are interested in the z-component only, 
therefore, the term it el x Bo does not contribute. We assume that the 
oscillating quantities behave sinusoidally as e l ^ k r . Then the time 
derivative ( d/di ) can be replaced by -iu; and on linearisation we get 


m e (-iu))u e i= -eE\ u e i= (--)Bi (6.119) 

From equations (6.118) and (6.119), we have 






1 


j.i 
\: 


1 

i 

1 

i 1 
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Using this equation in (6.117), we have 

—♦ icj / n 0 e 

( uj 2 - c 2 k 2 ) E\= -~ ( im e u 


)Ej 


Since E\ ^ 0, we have 


u 


c 2 k 2 = 


riper 

€QTUe 


U 


2 = Wp + c 2 k 2 


where uy = (ncVcrne) 1 ' 2 is the plasma frequency ™s is dis , 
persion relation for electromagnetic waves propagatmg perpend,cular to 

S ° Notice that this relation is the same as for the transverse electromag. 
netic waves in absence of the magnetic field, and therefore th» waves 
are known as the unfits wave. The reason for that ,s that B„ bemg 
parallel to E, does not affect the motion of electrons. The p ase velocity 


IS 


2 , ,2 
^ 4 _ r 2 

. A - * O "I ^ 



Jfc2 k 2 

It shows that the phase velocity is always greater than c. The group 
velocity is 

2 . >2 
A/.) r* 

2 u da; = 2c 2 k d k 


da; c 2 /, Up \ _1 /2 _ 

dA: ^ V rk 2 ' 


It shows that the group velocity is always smaller than c. When k -► oo, 
the phase velocity v$ —► c, and thus, the group velocity v# —* c. This 
dispersion relation is shown in Figure 6.5. This figure is similar to that 
in the case of the electron plasma waves, but the behaviour is quite 
different as the asymptotic velocity in the present case is c and in that 
case was y/3/2 v t h- Further, there is a difference in the damping as in 
the case of electron waves, we have 



which is larger than the present value 
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tim 


. cJ j density n = n c , we have u = u p . When u> < u> p , the 
imaginary number. Since spatial dependence of the 


A 1 is an 

^ vec 4,0 ^ ^ will be attenuated for imaginary value of k. The 
is t,,<p ’ 


s kin 


dep 


,th is 


“ n 

obtained as 


,kx 


-1*1* = e 


—k/S 


6 = — = c 

1*1 (ug - W 2)V2 


• a cut-off frequency for a wave to propagate through the 
-finis- tber e ^ cnomen0 n is cut-off frequency is an easy way to measure 
plasma- The P i ncr ease of the density, u p increases and the 

plasma de tig f yin g u} < u p are attenuated. Attenuation of a wave 
shows that the density in the region is more than the 


lencies 


freq u ' 
wi tb fr«l ucncy 

critic^ value 


UJ 


n c = 


m e e quj' 


H 


ordinary waves - the case of £i-L£ 0 
0q being perpendicular to E\ affects the 
insider Bo = B 0 k, fc = ki, and Ei = E x i + Eyj. In a plasma, 


ti Extra* 

1 * B being perpendicular to E\ affects the motion of electrons. 

Let us coi _, 

£ __ o an d j 0 = 0- Since the magnetic field B 0 is uniform and 

" dependent of time, we still have the Maxwell equations 


dBi 

dt 


and 


c 2 Vx B\— — ji 


dEi 

dt 


( 6 . 120 ) 


where c = 1/v^o is the s P eed of light - As discussed in the preceding 
section, equation (6.120) can be transformed to 

.2 _> 


VjJ 


UT 


- k {k-Ei) + k z E x - ^ ji -r ^ 


31 +3- * 


Now, we have k-E\= kE x • Thus, 


iu 


-c 2 kE x k + c 2 k 2 Ei= — j i +ur£i 


Co 


VjJ 


(w 2 - c 2 k 2 )Ei + c 2 kE z k=-—i l ( 6121 > 

^0 

For high frequency waves (e.g., light waves and microwaves), the ions 
may be considered as fixed. Then the current density is due to the 
motion of electrons as 


Scanned by CamScanner 


152 Plasma Physics 


-no eUel 


( 6 . 122 ) 


Using equation 


ion (6.122) in (6.121), we ha 


in^ujc 


(w 2_ c 2 tf)Ex+<? kE * k eo 

The x and y components of thU equation are 

inouJC 


inouje 


UJ &X 


,2 - c 2 k 2 )Et + c 2 k 2 E, eo 


,2 _ c W)E y = 


inouJC 


«x(6.123) 


(6.124) 


The equation of motion is 

& £ +( ; e .v)Sel = -^( s + “' x5) 

m e n e t e j 

. . that the electron temperature T e is zero. After 

upre we are assuming tnat ui_^ 

Here, we a = 0? we have 

linearisation with u 0 - 0 and 

a«ei = _ e ( Ei + u e i x Bo ) 
me at 

We assume that the oscillating quantities behave sinusoidally as 
Then the time derivative (d/St) can be replaced by -tut and we get 

m e {-iu)u e i= -e( Bi + u e i x B 0 ) 

Considering for non-trivial x and y components, we have 

-im e uu x = -e(E x + u y B 0 ) and - im e um y = -e(E y - u x B 0 ) 


Using oi c = eBo/m e , we have 


i x — —i (e x + u y Bo\ — 

m.„Ld \ / 


icj c ( E x \ 

+Uy ) 


(6.125) 


u y = (E y - u x Boj = 


uj VBn / 


(6.126) 
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ua tion (6.126) in (6.125), we have 


iu) c f 

£x 

iu c | 



■S'! 

Bo 

u 

<B 0 /J 

w B 0 

W 2 ' 

\ - 

Me r 

_ iE x - ^ e J 

e 

V- 

) 

u>Bo I 

w »J 

TTXfjjjj 


Bo uj*B 0 + u 2Ux 


»j"rne^’- u JV w 

Using equation (6.125) in (6.126), we have 


(6.127) 


iu) c 

By 

UJ 

l Bo 


+ u y ) 1 = -^2 S' + u £Ex 

'* w B 0 + u; 2 B 0 + u;2 u y 


u; '■Bo v y B 0 w B 0 u 2 Bq u 2U 


tt = #^-[-iB y + ^E x l(l- t 4) 1 

**» m e ^ L w JV w 2 / 

Using equation (6.127) in (6.123), we have 


(6.128) 


inoue e r , w c l / w*\ 

u/ 2 £x =- \iE x + —Ey\( 1- -§) 

eo m e u l u; a; 2 / 


w 2 \-i 


“H 1 - S) El = + 77 E »] = “p e ‘ - ~ E y 


0 0 

{u 2 -u 2 h )E x +-^E y = 0 


(6.129) 


where Uh = yju> 2 + ui 2 is the upper hybrid frequency. Using equation 
(6.127) in (6.128), we have 


U ?\-1 


( W 2 - cV)E y = - -E*l(l - =§) 

y f q m e u; y W J V ur / 


(w 2 - A 2 )(l - ^)e„ = w 2 E s + 


2>r I *“9* 
p E v+ w ■ 


-^ + [( w 2 -eV)( 1 -^)-^]E„ = ° 


(6.130) 
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For convenience, let us express equations 

AE X + BE y = 0 and 

ficfipd when 

These simultaneous equations are sa 

A B 


(6.129) and (6.130) as 
CE X + DE y = 0 


C D 


= 0 


AD-CB = 0 


ad~cb 


Using A, B, C and D , we get 

^2. 2 


jcjpu; c \ 

(u 2 _ w 2 )[ (u 2 -A 2 )(>-^)'^ 

" a; ' 

a > ' 






LjiuJc /^ 2 



_1 (ui 2 -wf)(w 2 -w; 5 ) 

W 2 I-UJ W-^ 2 )-^ 2 -^) ] = ! 
= 1 “^i (o ' 2 — W 2 )(uJ 2 — u\) J 


■4 r ~ m p ' 

w 2 l( u 2 -u$J 


Therefore, we have 

c 2 *: 2 ^ f ^ ~ 1 

ul 2 v\ u) 2 l(w 2 

This is dispersion relation for the extra-ordinary waves, 
ably complicated. 


(6.131) 

It is consider- 
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6 rlisP ersion relati ° n f ° r the extra ' ordinar y waves, one can find the 
Ifl^ a the resonances. When the refractive index n= c/v# tends to 

fUt '° S e have a cut-off. At the cut-off, the wavelength tends to infinite 
ZCr °' he wave is reflected back. When the refractive index n tends to 
^ L we have a resonance. At the resonance, the wavelength tends to 
^ the wave is absorbed. When a wave propagates through the 
zer °’ a in which Up and u c are varying, it may encounter cut-offs as well 
Ranees. Equation (6.131) shows that at u, = Wp , we have V<f> = c. 

Resonances for the extra-ordinary waves can be obtained from equa- 
t on (6- 131 ) b y P utting k = 0 °- lt occurs when w -> u h . Hence, at 

U = U>h= Ju 2 + UI 2 



wave encounters a resonance. When the wave of frequency ui ap- 
oaches the resonance point, its phase velocity as well as group veloc¬ 
ity both approach to zero, and the wave energy is converted into upper 

hybrid oscillations. 

Cut-offs for the extra-ordinary waves can be obtained from equation 
(6.131) by putting k = 0. Thus, we have 


u 

-^-0- 

. ,2 . ,2 , ,2 , ,2 
Up _u -Up- u c 

X u l _ u 2 Ju 2 

1 wV 

-l) ' 

u 2 u 2 — u 2 ' 

u 2 1 — u 2 /u 2 


— O 1 


u 2 =F uu c — ui 2 = 0 

1 U) 2 ' 

UJ 2 

u r uj 

V 


Thus, the cut-off frequencies are given by 



For the convention that u is always positive, the roots are 



The cut-off frequencies ur and ui are known as the right-hand and 
left-hand cutoffs , respectively. 

The cut-off and resonance frequencies divide the dispersion diagram 
iuto the regiohs of propagation and of non-propagation. Instead of the 
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u> versus k diagram, a plot of u^/c 2 k 2 versus u & m FlgUre 6 - 6 > 

where the wave does not propagate in the shaded S 1 


x wave 



• • f nhase velocity with frequency for extraordinary wave. 

Figure 6.6: Variation o p , shaded regions. 

The wave does not propagate ,n the shadea 8 

6.15 Electromagnetic waves parallel to B 0 

I„ the last seetion, we eonsidered thecase of perpendicular propagation, 
tj. So. Now, we take the case of k\\B 0 . Let us consider Bo = Bo*. 
k = kk For transverse propagation, we take E t E,i + „J _n a 
plasma, we have E 0 = 0 and * = 0. Since the magnetic field B„ is 
uniform and independent of time, we still have the Maxwell equations 


c ! Vx B\= — ji + ~^r < 6132 ) 
co at 


vx£,= -^ ««<• fVO,= ^ ,T at ' 

where c = 1/y/m * th « ^ of light. As discussed earlier, equation 
(6.132) can be transformed to 

2 . 

0 —> VjJ t * U) 

- k{k-E\) + k E\= -j— j\ +~2 Ei 


Now, we have jfc.JE?i= 0. Thus, we have 


c 2 k 2 E\= - ji WE X 
co 


(u» 2 — c 2 k 2 )Ei= — — ji (6-133) 
co 
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f0t be considered as fixed. 

^of electrons as ^ 

ii-n 0 eu el 

Using equation ( 6 - 134 ) m (6-133), we have 


uensity 


(6.134) 


(J 2 - c 2 fc 2 )£ 1== - 

e o " el (6.135) 

The x and y components of this equation are 


{u 2 - c 2 k 2 )E x = in ^ ue 

€ o Ux (6.136) 

and 

(w 2 - c 2 k 2 )E v = , 

e o y (6.137) 

The equation of motion is 


m ' n 4ir + ( “« - V )“<= ] = — eM E + «„ x i ) 

Here, we are assuming that theelectron temperature T c is „ r0 4(t 
linearisation with u Q = 0, and E 0 = 0, we have 6 Atter 

On ei 

me ~dT = ~ e ( El + u el x B o ) 


We assume that the oscillating quantities behave sinusoidally as e *U .7-u,t) 
Then the time derivative (d/dt) can be replaced by -«j and we get 

m e (-iu)u el = —e( E x + u el x B 0 ) 

Considering for non-trivial x and y components, we have 


im e uu x e(E x + u y Bo) and - im e uu y = -e(E y - u x B Q ) 
Using ui c = eBo/m e here, we have • . 


u x — i - 


m P ui 


(e i + u s Bo) = ~(^ + %) 


and 


i 

I 1 
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" rn^Ld \ 

ue{as discussed in the preceding section, 


m e u 

Solutions of these equations 

e 


and 


u x = 


Uy = 


m e uj 


TU e M 


- i 


U^c Tp 

iE, -Z, Bv 




2,-1 


&C rp 

'lEy+^ E * 


K 1 -^) 


2,-1 


(6.138) 


(6.139) 


Using equations (6.138) and 


(6.139) in (6.136), we have 


21,2\ ip - 


(o)2 - C 2 fc 2 )^x 


inpuie g 

m e M 


(0 


[iE : 


MC T? 
'X + " 7 ^ 

1 u> 


wK 1 -J) 


2,-1 


(a; : 


VjJpUJc 


[(^-A 2 )(l-^)- w e] £ 

Using equations (6.138) and (6.139) in (6.137), we have 


iu^c^ = 0 
+ a; y 


(6.140) 


2,-1 


6 0 m e W 


(a, 2 - A 2 )(l - = ~*4[ iE r> - 7 El l - + 


lUJ^UJc 

—E-Z-Ej 

id 


^ + [(u, 2 -A 2 )(l-^)- 


u>„ 


Ey = 0 


(6.141) 


Defining a parameter 


w; 


a = 


1 - u 2 /u 2 

equations (6.140) and (6.141) can be written as 


(u; 2 - c 2 k 2 - ajE x + — E v = 0 


u ; 


and 


t( ^E x + (u) 2 - c 2 k 2 -ajE y = 0 
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gatisfy^S these simultaneo us equations, we have 
U - c 2 k 2 - a ) 2 = _^c __ 

\ ' ■ w u -{(XUc/u ) 2 


w c 2 k 2 — a = ±au; c /u; 


a; 2_ c 2 A; 2 = a ^ 1± ^^ = 

V w ' 1 - (^2/^2) V w ) 

J2 _ 1 ± juju) _ 

p [i + (w c /a;)][l - (u e /u)\ ~ 1 ^ ( Wc / W ) 

The sign T shows that there are two possible^solutions corresponding to 
two different waves which propagate along B 0 . The dispersion relations 


c?k 2 _ _ ^p/^ 2 

a; 2 1 — {u) c /u) 


R wave 


= 1 - 


1 + (u>c/oj) 


L wave 


The and L waves are circularly polarized. R stands for right-hand 
circular polarization whereas L stands for left-hand circular polarization. 


6.16 Hydromagnetic waves 

In the preceding sections, we have accounted for high frequency electron 
waves. Now, we would like to discuss for low frequency ion waves. Out of 
several possible modes, we consider here two of them: (i) hydromagnetic 
waves along B$, called the Alfven waves and (ii) magnetosonic waves 
across Bq. In this section we shall discuss about the^Alfven waves. 

In plane geometry, Alfven wave has k along Bo, E\ and jijo 
perpendicular to Bq', and both B\ and u\ perpendicular to both Bq 
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E i as shown in Figure 6.7. 



Figure 6.7: An Alfven wave propagating along Bq. 


Since the magnetic field B 0 is uniform and independent of time, we still 
have the Maxwell equations 


Vx E\- 


dB\ 

dt 


and 


c 2 Vx B\= — j i 
co 


dE x 

f_ aT 


where c = l/Jim is the speed of light. As discussed earlier, these 
equations can be solved to get the equation 

- k (k. *) + #&= £-ji+4* (6-142) 

C CQ u 


Since E\ and k are perpendicular to each other, we have k ■ E\— 0. 
Further, we have taken E\ along x-axis, and therefore only x-component 
of this equation is non-trivial. For low frequency waves, the current 
density j\ has contributions from both the electrons and ions as 

j\= noe(un - u e i) (6.143) 

Using equation (6.143) in (6.142) and taking the x-component of the 
resultant equation, we have 

e 0 (uj 2 - c 2 k 2 )Ei = -iun 0 e(u ix - u ex ) (6-1 44 ) 


Scanned by CamScanner 



¥ 


Plasma 


161 


W* 


^mne also that there are no thermal 


juss 1 


ti(>l lS nl0t '° n IS _ 

r dui 

m,n 


m ° ti0ns = 0 ). The 


equa- 


0» ^ ne 


vm +{u ' • v )“‘ 

inearisation, this equation reduces to 
du tl 


en <<E + 5 x B„) 


m, 


1 Ot ~ e£l +e “«i X B 0 


(6.145) 


„. assume that the oscillating quantities behavp «;« 

ST*. «.ne derivative (»/*) can be repS^' 
en , V by ik- The x and y components of ec,uati„„ ( 6 . 145 '' 


& nd the gradi- 
are 


and 


iujrriiUi x — eE\ + eu ty Bo 

—iujrriiUiy = —eui x Bo 


On solving these equations we get, 

ie /_ 


u ix — 


(‘-ar* 


77ljCJ V UJ 


(6.146) 


where = e 5 0 /m 2 is the ion cyclotron frequency. For the equation of 
motion for electrons, u ex can be written from this expression bv replacing 
rm by m e , by uj c , e by -e, and thus, we have 


ie 


o - Sr 1 * 


Hex — 


m e uj \ uj 


For the situation, uj 1 « uj£, we have 

,2 


^ ^ k n 

Hex =- 2 hl U 

m e uj uj£ 


(6.147) 


For uj 2 >> a; 2 , Larmor gyrations of electrons are neglected and the 
electrons have E x B drift in the ^-direction. Using equations (6.146) 
and (6.147) in (6.144), we get 

ip / \ — t 

C 0 (w 2 - c 2 k 2 )Ei = -iwnoe— (l - ^) * 


(6.148) 
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ion plasma frequency ft? - ne 2 Aom ( , w e 


Since E\ / 0, and defining the 
get 


j - cV = ft?(i - £§) 

, _ pHr wa ves have frequencies well be- 
Further, we assume that hydronu* ^ that 

low the ion cyclotron frequency 

.2, 


2^-1 


u ,2_A 2 = ft?(-|) = 


= -a; 


2 n| 


9 2 

2 7l()C ffl i 
^ 60 w i ^ 



P _ 
co^o 2 


Hence, 


a; 


1 + 


eo#o 2 


= c 2 k 2 


c 2 


TU/mW) i + TmFSIy 


(6.149) 


where , = n 0 m, is the mass density. The denommator on the nght 
s -d of equation (6.149) may he interpreted as relat.ve d.e ectnc co, 
stant for low frequency perpendicular motions. Equal,on (6.149) may 
be approximated as 


m 2 _ c 2 

k 2 (ouo/Bn)c 2 


_ si 


U> 


B 0 


V<t) - v l/2 


These hydromagnetic waves 
called the Alfven velocity 


travel along Bq at 


Bo 

VA ~ (PP o ) 1/2 


a constant velocity va, 


6.17 Magnetosonic waves 

Here, we consider low frequency electromagnetic waves propagating across 
the magnetic field B 0 (Figure 6.8). We consider B 0 = B 0 k and E\ = E\i, 
but now let k= kj so that the E\ x B 0 drifts lie along k- Hence, the 
plasma will be compressed and released along y-axis during the course of 
oscillations. Therefore, we have to include the pressure term Vp along 
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axis in the equation of motion. 

'".iforrn *nd independent of time, we 8ti| , ““‘J® magnetic field B 0 i s 

m axwe " equati0ns 

dt 


tfO* 


Vx Ev 


and 


c 2 Vx B 1= 


rj'+ d i ] 

c ° dt 


1 



| 


Figure 6 . 8 : A magnetosonic wave 


propagating at right angle to B 0 . 


where c = 1/jm is the speed of light. As discussed earlier, these 
equations can be solved to get the equation 


- k U.£i) + fc 2 £i = 


^ E ' 


(6.150) 


Since E\ and k are perpendicular to each other, we have fc . E 1= 0. 
Further, we have taken E\ along x-axis, and therefore only x-component 
of this equation is non-trivial. For low frequency waves, the current 
density j\ has contributions from both the electrons and ions as 

ji= n 0 e(tji - u7i) (6.151) 


Using equation (6.151) in (6.150) and taking the x-component of the 
resultant equation, we have 

eo(u> 2 - c 2 k 2 )E\ = -iumoe(uix - u ex ) (6.152) 
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The equations of motion and continuity are 


m * ni \~^t + ^ Ul 1 “ en *^ + Ut * 


Bo) - 7 iKTiVrn 


and 


^ + V.(ni Ui) = 0 

dt 

On linearisation, these equations reduce to 

mtJjP =eno(E 1+ ^xBo)-7,^V n „ 

at 


and 


(6.153) 


(6.154) 


+ n 0 V. u7i= 0 

dt. 

We assume that the oscillating quantities behave sinusoidaiiy as e«^-> 
Then the time derivative 0/9*) can be replaced by -uj and the grade 
ent V by ik • Expressing un = Ui X i+Ui y j + u lz k, the x an y components 

of equation (6.153) are 

-iujmiriQUix = eno(£i + Ui y Bo) (6.155) 


and 


—iumiUQUiy = —enoUi X Bo — 'yiKTiiknn 

Remember that the density variation is along the //-axis. Thus, we have 


Un = 


le 

rriiU 


(Ei + Ui y Bo) 


and 


le 


'LLiy — 


( u ixB o) + 


k liKTi nn 


niiU u) mi no 

Linearisation of equation (6.154) gives 

• i n z j k 

—lujun = —noikuiy — 

no u> 

Using equation (6.158) in (6.157), we get 


— 'LLiy 


v iy ~ 


ie 


rriiuj 


v ix B 0 + 


A: 2 7 iKTi 


uj * rrij 


''U*iy — 


ifL 


UJ 


’Vix “b &iVi y 


/, \ 

Uty(l ~ (*j) = 


U 


UJ 


ix 


Viy — 


iQ f 


UJ 


(6.156) 


(6.157) 


(6.158) 


Utz(l - ai ) 1 (6.159) 
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eBo 

m l 


and 


^l es in a 


k 2 
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a i ^ *1 liKTi 

Vising ^ ation ( 6 - 159 ) in (6-156), we ^ 

JO_.Ei 4- — ( — V 

vn" rmu) u x u; / (^ ~ a i)' l n ij; ie 
, #/-A ie + 

1-ai^ mju; 1 
/ I — Qj ~ ^cA*^ \ __ ie 

u,I v 1 -i / ~ ^ 

Equation for electron, corresponding t ( 6 -l« 

by replacing e by -«, m, by m e , n e by^^"' 6 ^) can be obtai, 

/ 1 -fV 2 /o Qib y»eas 

a ' 

where 


ix 


UJ C = 


eB t 


ined 


( 6 . 161 ) 


’0 


m e 


and 


<*e 


for u 2 « u 2 and cv 2 << k 2 v 2 „ , 

K u thi we have 


^7 eKT e 
w2 m P 


-u c /u 2 \ i e 

u ex(-j-— =- E] 

' 1 “ a e ' m e (jj 1 


1 _ tf_leKT e 


'll _ ^ 


)£. 


, l ^~l,KT r 
cuB$ ~T~ Ei 


u ex - 0 (1 ~ 

m e u> u 2 V W 2 me 

Using equations (6.16!) and (6.182) in (6.152), we have 

1 ~ a ’ x ik 2 leKT,, 


(6.162) 


e o(w c 2 k 2 )Ei = -ium 0 e- _ Q » \ ik 2 %KT e i 

'-m i Uj\l - oti — Q2 /u> 2 J + ^g2 ~ J^l 

S,we ^ ^ 1 " '“* “ ““P^n to and for 


^ 2 -c 2 fc 2 = -!^!M[Je / l-o tj x ifc 2 7 e KT e i 

e 0 U^V-^2 /u; 2j + uB 2 e j 

_ _ n Q e 2 tj 2 . ^ ^ nok 2 m l 'y e KT e 

m i€o fl 2 ^ eoB^mi 
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0? 


(WleKTe 

v A m i 


Thus, we have 

, ,,, Ml'KTe & p( 

* - ck iz-^r w ~ ’> = 


o 


U 


J _ A 2 


(l + ^) + | p-enni), 

\ niiVA 'SI*' rrii ' 


n l. noe 2 m 2 _ a * o <?P _ <?_ 
Q 2 = ^T 0 e 2 Bl ~ Bq v\ 


Thus, we have 



leKTe 

miv\ 


+ 2^) 

rmv\ ' 



JeKTe ±liKT i\ = c 2 k 2f x + 

rriiv\ ' ' 



Therefore, 


u 


2( V \±S- 



y\±A \ 

> 


^ 2 - c 2 ±jA 

k 2 c 2+ V 2 


This is the dispersion relation for magnetosonic waves propagating per¬ 
pendicular to So- hi this acoustic wave, compressions and rarefactions 
are produced not by the motions along E, but perpendicular to E by 
the E x B 0 drift. When J3o—► 0, va —> 0, and we have (u/k) = v 
Hence, the magnetosonic wave turns into an ordinary ion acoustic wave. 
When KTi —> 0 and K T e —► 0, v s —> 0, and we have 


U 2 _ C 2 v\ 
k 2 c 2 + v\ 


_ = VA 

k \/ 1 + v a / c2 


Thus, the magnetosonic wave becomes a modified Alfven wave, whose 
phase velocity is smaller than the Alfven velocity. When v s is finite, 
phase velocity of the wave is 
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v 1 + 

u generally larger than the Alfven velocitv 

0 ften called the fast hydromagnetic wave. *" d the «*>re, the 

IS 

6.18 Problems and questions 

1. Derive an expression for plasma f reque 

thermal motions are accounted f or . What hap pens wh 

r\ nn ovnrocoirvva C i. 


2. Derive an 


n expression for dispersion relatin . 
waves. Show that the group velocity ta " elect ™" plas ma 
speed of light, and at large k the inform*, eVer gteater tl >an the 
that at the small k. lon trav els faster than 

3 . Derive an expression for the velocity of sou d 

gas. n waves in an ordinary 

4. Show that in the electron plasma waves th* 

greater than or equal to ^ ^ 

oStmns than OT eQUal ‘° ^ WHere ^ ^™Sity 


5. Derive an expression for the velocity of ion waves in a plasma 
Estimate the error introduced by the plasma approximation. 

6. Derive the dispersion relation for ordinary and extra-ordinary elec- 

tromagnetic waves perpendicular to B 0 

7. Derive expression for the velocity of Alfven waves. 

8. Derive expression for the velocity of the Magnetosonic waves. 

9. Write short notes on the following 

(i) Phase velocity 

(ii) Group velocity 

(iii) Plasma frequency 
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. ^neiHered infinite homogeneous 
In the preceding chapters, we have"‘ laama is not homogeneous, 
plasma in equilibrium. However a re. ffugjon of plasma from a high 
but there is density grad.ent leadmg ^ problem in the ^ 

density region towards a low densi y g f • n hv i, 0 - 

trolled thermonuclear reactions is to reduce the ra e o “® 

magnetic fieid. Here, we shaii first discuss the process of chffus on ah 
sence of magnetic fieid. And then we shai. include W«,l 
'As a simplification, we assume that the plasma » weakly om 2 ed and 
thus there is a large number of neutral partic.es. Hence the charged 
particles collide primarily with neutral particles rather than w.th one 
another. The case of fully ionized plasma would be cons.dered m the 
later part of this chapter. Thus, we have a non-uniform distribution of 
positive ions and electrons in a dense background of neutral particles. 

When the plasma spreads out as a result of pressure-gradient (ow¬ 
ing to the density-gradient) and electric field forces, individual particles 
undergo a random walk and to collide frequently with the neutral par- 
tides (Figure 7.1). Let us first have knowledge of collision and diffusion 

parameters. O O O 


O O 



Figure 7.1: Diffusion of gas particles through random collisions. Hollow circles 
represent neutral particles whereas solid circles represent charged particles. 
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I parameters 

!• ^ 


H<’ re 

7.1 

When 


*e shall discuss about some parameters in the process of diffusion. 

i Collisi° n parameters 
• ■*’ 

an electron collides with a neutral particle, it may lose a fraction 


of ^ 


momentum depending upon the angle at which it is deviated, 
head-on collision with a heavy particle, its direction of motion is 
^ rscd and thus it loses twice of its initial momentum. The probability 
^ omentum lose can be expressed in terms of a parameter, called the 
° , section a that the particles would have if they were perfect absorber 

omentum. Consider a slab of area A and thickness dx containing 
icutral particles per m 3 . Suppose the electrons incident upon the 
Tb and lose the momentum after colliding with the particles. Let us 
'der particles to be opaque spheres of cross sectional area a. That 
vhen an electron comes within the (considered) area blocked by the 
article the electron loses all of its momentum. The number of particles 
in the slab (of volume A dx) is n n A dx. 



o 

o 



o 


o 





Figure 7.2: Shows a cross section. 

The fractional area blocked by the particles is 

ojjinA dx) _ dx 
A 
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Here, we are assuming that the cross sectional areas o p «i 0 

not overlap. Suppose 5 is the flux of electrons in ^ * n ° sur ** 
of area A of the slab, the flux absorbed by the s 


$<77i n dr 


Thus, the flux emerging on 


the other side of the slab is 


<|> =<|> — <f>ffn r 


Hence, the change of flux per 


unit thickness of the slab is 


= -an n <b 


$ - $ 2 -T- = 

—-- = -<rn n Q dr 

dr 

. j• . fViot thp flux decreases with the increase of 

The negative sign indicates that the nux oec 

x. On integration, we get 

5=5o e~ aTlnX =5o e _a:/Am 

where 5 0 is the flux at r = 0 and A m is the distance at which the flux 
reduces to 1/e of its initial value. The parameter A m is defined as the 
mean free path for collisions 

Am = 

(TTl n 

Hence, after traveling a distance A m the electron has a good probability 
for colliding with an particle. For an electron moving with velocity v, 
the mean time between two successive collisions is 


and thus the mean frequency of collisions is 


-l v 

v ~ T = — = n n av 
Am 


When the velocity of electrons is averaged over the Maxwellian distri¬ 
bution, the collision frequency v is 


v = n„a v 
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pjffusion parameters 


( 7 . 1 ) 


1 ' i ' t „ f motion of a particle, including collisions is 
!d „ _ _ 

= mn[aT + ( ” V)V I = ±en E ~Vp - mnuv 
± indicates the sign of the charge of the particle. In order to make 

^ion (7.D t0 be USCfu1 ' thC qUantHy " must how «er be assumed to 
C<,U1> ,stant. We consider a steady state in which dv/dt is zero. If the 

bC , dty « is su* cient,y sma11 ( ° r " is efficiently large), a fluid element 
not move into regions of different E or Vp i„ a collision time, and 
^ fore d«/d t will also vanish. Putting the left side of equation (7.1) 
we have (using P = nKT) 


0 = ±enE -KTS/n - mnuv 


_J— ( ± enE -KTVn) 
mnv \ ' 

e —■ KT Vn Vn 

= ±— E - = ±nE -D — 7.2) 

mu mu n n v ’ 

and D are mobility and diffusion coefficients, respectively, de- 

where ^ 

toed3S M and D = ^ 

M - mv mv 

These coefficients depend on the particle and are related through the 

Einstein relation |^| 

" = kt d 

Using these coefficients, the flux 5, of the j-th specie can be written 

njVj = ±WE -D 3 Vn } (7-3) 

i . • f 7 o\ whpn either the electric field E fi 
Here, we have used equation (7.2). 

or the specie is uncharged so that p = 0, we have 

J= -DVn 

This is Fick’s law and expresses that in the diffusion P r °^ ^ ^ 
moves from a more dense region to a less dense regi 
proportional to the density-gradient. 
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7.2 Decay of plasma by diffusion 

7.2.1 Ambipolar diffusion 

. in a container diffuse to the 

When some particles of a plasma pr partic)es ( ion s and elec- 

walls of the container, the i oppose ^ ^ the charged 

irons) combine after reaching In the preceding chapters 

particles near the wall is and continu ity to study the be- 

we have used fluid «**£» W e nee(1 only to keep the time 

haviour of a plasma. If the o y 

derivative in the continuity equation. Thus, we 


dn 

dt 


'i + v. 5,= o 


(7.4) 


where *, is given by the equation (7.3). It .s_obv,o,.s that he flux of 
ions $, must be equal to that of the electrons *„ otherwise there would 
be a serious charge imbalance. For a plasma of size larger than the 
Debye length, it must be a quasi-neutral and the rate of diffusion of ions 
and electrons would somehow adjust themselves so that the ions and 
electrons leave at the same rate. This phenomenon can be visualized in 
an easy manner as the following. The electrons being lighter have higher 
thermal velocities and intend to leave the plasma first. And hence, the 
ions are left behind. Through the separation of ions and electrons, an 
electric field develops in such a way that it retards the rate of the loss of 
electrons and accelerates the rate of the loss of ions. This electric field 
E can be obtained by putting <J>i = 3> e = $ 


<£= Vi n E -DiVn = -\x e n E -D e Vn 


(7.5) 


n E (Vi + Ve) = (A - A)Vn 


E= 


Di — A Vn 


(7.6) 


Vi + He n 

Here, we have used m = n e = n. Using equation (7.6) in (7.5), we have 

D{ - A Vn 


$= Vi n 


Vi + Ve n 


— DiVn 
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__ Mi A ~ Vi£e - HiDj ~ f, r n . 

Mi +7^ 

Mi "b Me 

= - W T^ Vn ~-D«Vn 


This 


pj^’s law with a new diffusion coefficient 


(7.7) 


= + M.J, 

Mi + Me 


, n „.„ as the ambipolar diffusion coefficient. If D„ is constanti 
kD (7.7) in (7-4), we have 

e qiia tl0 _ 2 

^ DaV n (7.8) 

The magnitude of £>« can be estimated in the following manner. Since 
th c mass of an electron is much smaller than that of an ion, we have 

M« 311(1 therefore 

„ Mi^e "b Me^i _ n , Mi ^ ^ 

Da ~ ^i ~b ^e ' 5s Di 

Me Me 

Using the Einstein relation, we have 

D = D + = Di + —D l 

l KTi D e e 1 Ti 1 

On thermalization, we have T{ = T e , and D a = 2D t . Thus, the effect of 
ambipolar electric field is to enhance the diffusion of ions by a factor of 
two However, the diffusion rate of the two species together is primarily 
controlled by the slower species {D a « A)- 

Solution of equation (7.8) 

Equation (7.8) can be solved by the method of the separation of 
variables 

n(r,t) = T(t) S{7) . < 7 ' 9 ' 

Using equation (7.9) in (7.8) (for convenience, the suffix a is dropped 
from D), we get 

5 — = DTV 2 S 


dt 

ldT = D v 2 5 
T dt S 


(7.10) 
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. on t whereas the right side 

In equation (7.10), the left side epen ^ w hen each side 

depends on r. Hence, the equation t g e \ e {t side of equation 

is equal to some constant, say -l/ r * u ’ 


(7.10), we have 


j.dT = _i 
T dt t 


= -- dt 

rp T 


so that 


T = To e 


-i/r 


(7.11) 


density of the charged particles 
where T = To at t = 0. lt s ows . ht sjdc c f equation (7.10), 

decreases exponentially w,th t.me. For the g 


we have 


D 


1 


"v 2 s = — 
s T 


v 2 s = -^s 


(7.12) 


Equation (7.12) can be 
plasma. 

Diffusion in a slab 


solved for various geometries of the container of 


In a slab, for variation in one-dimension, equation (7.12) can be 


written as 


d 2 S _1_, 

da: 2 D t 


General solution of this equation is 

s = ^ cos (7§7) + i,sin (yfc) 

where A and B are constants. Since we expect solution to be symmet¬ 
rical about the x = 0 plane, we can ignore the sine term and thus we 

have 

S = A cos ( — F =) 

\y/Dr J 

Since, we expect the density of the charged particles to be nearly zero 
at the walls x = ±1 of the container, we have 
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Since we are interested in non-zero value of A, we have 

7m ={2n+i )l 

where n is an integer. We account for the simplest case of n - n 
hence, 71 - U, and 


S = A 


( 5 ) 


Using equations (7.11) and (7.13) in (7.9), we get 


(7.13) 


= T 0 e-‘/Mcos(—) = 


"o e cos 


where n 0 (= T 0 A) is the number of charged particles at t = o and x = 0 

Diffusion in a cylinder 

For a cylinder, equation (7.12) can be written as 

d 2 S 1 d S 1 

dr 2 + r dr + Dt ^ ~ ^ 


2 ^ S dS r 2 

r d?2 +r d7 + D; S = 0 (7.14) 

Here, we are considering radial variation of the density of the charged 
particles. That is we are considering no variation with respect to 9 and 
z. Let r = x\/Dr. Then, we have 


dr \/ Dt 

dS _ dS dx 1 d S 
dr dx dr y/Dr dx 

d 2 S = 1 d 2 S dx _ 1 d 2 S 
dr 2 \[T)t dx 2 dr Dt dx 2 

Using these relations, equation (7.14) can be written as 

2 d 2 S d S 2o . 

x 2 —--k + x-—I- x 2 S = 0 
dx z dx 

This is the zeroth order Bessel equation and its solution is the Bessel 
function Jo(x). Thus the solution of equation (7.14) is 

S = AJo(x) = AJ 0 ( 7 =) (7 ' 15) 
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where A is a constant. Since, we expect the density of the charged 
particles to be nearly zero (S = 0) at the surface of the cylinder r = 
we have 



For the first zero of the Bessel function, we have 

JL= = 2.4 (7.16) 

y/Dr 

Using equations (7.16) in (7.15), we get 

S = AJ 0 {-y) (7.17) 

Using equations (7.11) and (7.17) in (7.9), we get 
n = To e~ t/T AJ 0 (^f) = n 0 

where n 0 (= T 0 A) is the density of the charged particles at t = 0 and 
r = 0. 


7.2.2 Steady state solutions 

In many experiments, it is possible to compensate the losses and thereby 
to maintain plasma in a steady state through continuous ionization or 
through injection of plasma. For calculating density profile in this case, 
we add a source term to the equation of continuity: 

- DV 2 n = q(7) 

Here positive sign of the source function <?(?) represents a source that 

contributes to positive dn/dr. We shall consider two cases for the source: 
(i) Plane source and (ii) Line source. 


(i) Plane source 


Let us consider a localized source on j 

ralr.,i Q to o , the plane x = 0 and then 

calculate the profile. Such a source c 

beam nltr^ • 1 f , y be, for example, a slit-collimated 

beam of ultraviolet light which is strong enough ^ • . ., 

Now thp . j-rr ® n °ugh to ionize the neutral gas. 

inow, the steady state diffusion equation is 


d 2 n Q 

da: 2 D 
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Thus, except at x = 0, the density satisfies the equation 

d 2 n 

dx 2 ~~ ^ 


i n t e grati° n °f this equation twice, we get 

n = Cx + D 


On applying the conditions: (i) At, x 
| x j = L, we have n = 0, we get 


we have 


n ~ n 0 and (ii) At 


n = n 0 (l - Ifih 
L j 

It shows that for a plane source, the plasma has a linear profile as shown 
in Figure 7.3. n 


n 0 




x 


Figure 7.3: Density profile resulting from a plane source under diffusion. 


(ii) Line source 

Let us consider a localized source along a line. For this kind of source, 
the plasma is cylindrical and the source is along the axis of the cylinder. 
Such a source may be, for example, a beam of energetic electrons pro¬ 
ducing ionization along the axis. Let us calculate the profile of plasma. 
Now, the steady state diffusion equation, for cylindrical symmetry, is 



Thus, except at r = 0, the density satisfies the equation 
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Figure 7.4: Density profile resulting from a line source under diffusion. 

Integration of this equation gives 

dn _ a 
dr r 

where a is constant. Integration of this equation gives 

n = ln(a/r) 

where we applied that condition that density n = 0 at r = a. The profile 
of density in this case is shown in Figure 7.4. 


7.3 Recombination 


In a plasma, when an ion and an electron collide, particularly at low 
relative velocity, there is a finite probability of their recombination into 
a neutral particle. The amount of energy released in the process is either 
emitted in the form of a photon (the process is called the radiative re¬ 
combination) or given to a third body participating in the process (the 
process is called the three-body recombination). Owing to recombina¬ 
tion, density of charged particles in the plasma decreases. This rate of 
decrease is obviously proportional to the density of the ions and that of 
the electrons, i.e., proportional to nin e = n 2 . Thus, we have 



—k = a dt 
n z 
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-- V 

whe* a is known as the re mm Hna tton ^ 

[U ation gives ^ ■ Integration of this 


eq' 


1 

n 


n 0 


+ at 


where no is the density of the charged particles at t = n urn 

i e., the density has fallen much below the ini.i*. n hen n << "o, 
' 1 mtlal de »sity, we have 

= at 1 


n 


n oc 


at 


W, 

It shows that in the recombination process, the densi*,, , . 

tides is inversely proportional to the time. ° ° arged par_ 

Remember that for the diffusion process, the decay of the densit 

of charged particles was exponential showing that the diffusion u * 

. vAxxxuoiuu is more 

effective than the recombination. 


7.4 Diffusion across a magnetic field 

We have yet discussed about the diffusion in absence of an applied mag¬ 
netic field. Let us now consider a weakly ionized plasma in a magnetic 
field Bo- 


o 

o 

o f 

o Q 

O 0 

o 


O 

o 

o 

o o 

o 


o o 

o 

o 

o 

o 

_5-- 

o 

o 

o 

o 

o 


Figure 75: A charged particle in magnetic field gyrates about the s 
of force until it collides with some particle. 


Since the magnetic field does not affect the motion of ^ ^ 
icles moving along the field lines. The flux along the 
-th specie is 

dnj 

$j z = ±Hj7ljE z - Ltj dz 
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where nj and Dj are mobility and diffusion coefficients, respectively. 1 q 
absence of collisions, the particles would not diffuse at all in the direction 
perpendicular to the field lines. There are of course the particle drifts 
across Bo due to electric field and due to gradient in the magnetic field. 
However, the motions can be arranged parallel to the walls. For example, 
in a symmetric cylinder (Figure 7.6), the gradients are all in the radial 
direction so that the drifts of the guiding centers are in the azimuthal 
direction. Since the drifts are not moving the guiding centers towards 
the surface of the cylinder, hence they are harmless. 

When a charged particle collides with a neutral particle, it walks 
in a random manner, and some of the particles can move across the 
magnetic field towards the walls. The particle continues to gyrate about 
the magnetic field in the same direction, but the position of its guiding 
center shifts. (Larmor radius may also change, but we assume that the 
particle does not gain or loss energy on the average.) The particles 
thus diffuse in the direction opposite to Vn. The step length in the 
random walk is no longer as it was in the magnetic-free situation, but 
has instead the magnitude of the Larmor radius r L (= mv±/eB). Hence, 
the diffusion across Bo can be slowed down by increasing the magnetic 
field strength. 



Figure 7.6: Particle drifts in a cylindrically symmetric plasma column do not 
give losses. 

To see how this can be possible, let us write down perpendicular 
component of the fluid equation of motion for either species as the to 
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lowing 


mn ^ = ±en{E + x B 0 ) - KTVn 


mnvv] 


(7.18) 


Here, ± indicates the sign of the charge of the particle. In order to m r 
equation (7.18) to be nsefnl, the quantity „ must however fee 
to be constant. JWe consider the steady state in wh i ch a 7 /at is 2ero 
If the velocity v is sufficiently small (or n is sufficiently large) a fluid 
element will not move mto regions of different £ or Vp in a oillision 
time, and therefore, d v /d t will also vanish. Putting the left side of 
equation (7.18) zero, we have 

0 = dien(E + v± x Bo) — KTVn — mnvv 


mnv 


v±= ±en{E + v± x Bo) — KTVn 


Since we are interested in a motion perpendicular to the magnetic field 
(i.e.. perpendicular to 2 -axis), let us resolve this equation into x and y 
components: 

dn 


mnvv x = ±en(E x + v y Bo) — KT — 


and 


dn 


mnvv 


' y = ±en(E y - v x B 0 ) - KT — 


Here, we have used v±= v x i + v y j, Bo = Bok and E — B x i 4- E y j + E z k. 
These equations may be rearranged as 


v x — i Ej 


KT dn . eBo 


± 


v,, 


mv 


mnv dx mv 


and 


e _ KT dn eBo 
v v = ± — E v - TT "F_ Vx 


mv y mnv dy mv 

^fter using mobility coefficient y, diffusion coefficient D, and eye 
frequency uj c (in case 0 f j on we shall take fi c )> 85 

eBo 


y ~ 


mv 


D = 


KT 


mv 


Ldc 


m 
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we get 


V x 


Ddn,“c 

= -kixEx ~~ « ■■ y 


Vy = ±»E y - ££ ^<4 

n dv v x 


n dx v " d V 

Substituting the expression for u* in v y , we get 

D dn w c r. ( n .P dn ,Uc 
v y = ±^Ey ~ ~ fyj ^ 1 / L ^ * n9x ” y 


1 / 


u c D dn u. 


D dn VJ C r? . ~ - - _ — c 

= ±l*E y — u ^ X u n dx u 2 y 


Using r = u' 1 , we have 


D dn u c e g ± KT 1 dn 

(1 + U 2 T 2 )v y = E flE y ~ n Qy v mu X v ■ mv n Q x 

Ddn 2 2 E x , 2 2 KT Idn 

--—-uir — ±^ c t (7.19) 


- E [lEy n ^ 


Bo 


e Bq n dx 


Now, substitution of v y in v x gives 

Ddn w c r, rp _Edn,<^c 
v x = ±HE, - - ^ T v ndy v x 


D dn u c 


u r D dn u 2 




V, 


Using r = u l , we have 


D dn u c e 


u r KT 1 dn 


(1 + u 2 t 2 )v x = ±fiE x - — + - E y T-«- 

v c ' n dx v mu y u mu n dy 

D dn 2 2 By 2 2 ET 1 chi /_ 

= ±nE x -— + T ^c r D ( 7>20) 

n9x B 0 eB 0 n dy 


The last two terms in the equations (7.19) and (7.20) have the E * Bo 
and diamagnetic drifts 


VEx = 


Ey 

Bo 


E x 

v Ey = —b~ 
tio 


KT 1 dn 

VDx = 

eBo n dy 
. KT 1 dn 

VDy = ±— -£- 

eBo n dx 
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By the perpendicular mobili ‘y and diffusion coefficient; 

tivclv, as 

m 

£>1 = _iL_ 

1 + UJ%T 2 

equation (7.20) can be expressed as 


a. respec- 


M± = 


1 + u; 2 r 2 


£>± dn u; 2 r 2 

t; x = i^lAr o + 


,|2_2 


n dx l+w c 2 r 2 ,,£l+ i^2% 


. Vn vex + vp x 

" ±Ml X n + 1 + (i/ 2 /a; 2 ) 

Similarly, equation (7.19) can be expressed as 

... c 1 D±dn VEy + vox, 

Equations (7.21) and (7.22) can be written together ; 

zp n Vn , + 

VL = ±v±E -D ± — + T ,, 2 , 2 . 


(7-21) 


(7.22) 


(7 OQN 


Although //e ^ and ^ but // e ± < Mt± and Z} e j_ < D jj_, and 
therefore, v e ± < v i±- Equation (7.23) shows that the perpendicular 
velocity of either species has two parts: (i) There are usual v E and 
VD drifts, perpendicular to the electric field and the density gradient, 
respectively. These drifts are slowed down by a factor 1 + (u 2 /u 2 ) due to 
collisions with neutral particles. In absence of collisions, the drag factor 
1 + (u 2 /<*%) becomes unity, (ii) There are mobility and diffusion drifts 
parallel to the electric field and the density gradient, respectively. These 
drifts are similar to the case in absence of the applied magnetic field, but 
the coefficients are reduced by a factor (1 +u^r 2 ). When (u> 2 r 2 ) « 1, 
the magnetic field does not have significant effect on the mobility and 
diffusion drifts. When (w 2 r 2 ) » 1, the magnetic field significantly 
retards the mobility and diffusion drifts across the magnetic field. 


7.4.1 Ambipolar diffusion across the magnetic field 

We have seen that mobility and diffusion coefficients are anisotropic in 
the presence of a magnetic field. When they are n and D, respectively, 
along the magnetic field, then perpendicular to the magnetic field, they 
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are reduced by a factor (1 + u,?r 2 ). Therefore, ambipolar diffusion is » ot 
as forward as in absence of the magnetic field. Consider the particle fl Ux 
perpendicular to the field lines (Figure 7.7). Both the ions and dectr 0 „ s 
would have their fluxes parallel and perpendicular to the lines of f orce 
Ordinarily, is smaller than 4>u (as t>.± < «i±). and therefore, a 
transverse electric field is set up so as to accelerate the electron diff us j 0I1 

and to retard the ion diffusion. 


$i±‘ 

$c± 


_ 

k 





*e\\ -** ____ 

Figure 7.7: Shows the parallel and perpendicular particle fluxes in a mag¬ 
netic field. 

Although the total diffusion must be ambipolar, the perpendicular 
part of the ion and electron diffusions need not to be ambipolar. The ions 
can diffuse out primarily across the magnetic field whereas the electrons 
along the magnetic field. Each specie then diffuses across the magnetic 
field at a different rate. 

Mathematically, we have to solve simultaneously the equation of con¬ 
tinuity (Equation 7.4) both for ions and electrons, where the divergences 
V. of the flux must be set equal to each other. Separating V. into 
the components parallel and perpendicular to the magnetic field, we 
have 

—> d / ~ 1 ' dn\ 

V. $i= Vj_.(/ii±n E± -Di±,W±n) + ^(^iz n E z 

and 

_► -► d ( dn\ 

V. $ e = V L .{-He±n E- l -£>eiVin) + ^ [ - [iezn E z -D ez -^) 

■ - ¥ ► 

The equation obtained by putting V. $*= V. $ e cannot be easily sep¬ 
arated into one dimensional equations. Moreover, the answer depends 
sensitively on the boundary conditions at the end of the field lines. 
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Co »isi° ns in a fully ionized plas ma 




© B 

Figure 7.8: Guiding centers of two like particles after c„,li sion shift by ^ 


When the plasma is fully ionized, i.e., it has only pos i t i vc jom Rn , 
electrons, then all the colhsions are between the charged particles A 
collision between two hke parttcles (ion-ion or electron-electron collision! 
is distinct from the collision between two unlike particles (ion-electron 
collision). For collision of two like particles, if i, is a hcad . on 
they emerge with their velocities reversed and their guidinc-rc„,„„ „ 


with their velocities reversed and their guiding-centers re¬ 
in the same place. The worst case can be when the particles 

r\f\0 f_1 l . 


main **- - - -- me particles 

’, then their velocities are changed by 90» in direction, and 

_ C\ Y»/"h cBl ff IT i- 1 i a 


collide at 90 , - j ~v, m uirecnon, and 

the guiding-centers are shifted. However, the center of mass of the two 
guiding-centers remains stationary. Thus, the collisions between like 
particles give rise to very little diffusion. (This situation is to be con¬ 
trasted with the collision of a charged particle with a neutral particle 
where diffusion was quite appreciable.) 



O B 

Figure 7.9: Guiding centers of two oppositely charged particles after collision 
shift by 180°. 
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When two particles of opposite charge (positive ion with electr<> 
collide, the worst case can now be the 180 collision in which the partici ^ 
emerge with their velocities reversed. As they must continue to gy ra 7 
in the proper sense about the field lines, guiding centers of both th 
particles shift in the same direction. Hence, the collision of two opp^^/ 
charges give rise to diffusion. 


7.5.1 Plasma resistivity 

The fluid equations of motion for the charged particles including ^ 
collision can be now written as 


miU ^ = en(E + v t x B) - V Pi - Vjr i+ p ie 
d< 

and 

m e n ^ = ~en(E +v e xB)- Vp e - V 7 r e + p ei ( 7 ^ 

where the term Pie represents the momentum gained by the ion 
due to collisions with electrons and the term P el represents the mo¬ 
mentum gained by the electron fluid due to collisions with ions. The 
stress tensor has been divided into the isotropic component p and the 
anisotropic component n. The collision between two like particles does 
not contribute much to the diffusion and we can ignore the term 
The terms P ie and P ei represent the friction between the two fluids and 
the conservation of momentum gives 



In terms of the collision frequency, the term P e i can be written as 

Pei= m e n(v i-v e ) v ei (725) 

On the physical ground, P ex should directly depend on the charges of 
the colliding particles, should be proportional to the densities of the par¬ 
ticles, and proportional to the relative velocity (u j— n e ) of the particles. 
Hence, we can write 

Pei= r)e 2 n 2 (Vi-v e ) (7.26) 
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„.| 1( .re'/ is * constant of P ro P° rti onality. Compare 

,„<! (o2 fi > KiVCS 


>arison of equations (7.25) 


ne* 


The constant , is interpreted as the mctfic nmtMty ^ ^ 

« physical meaning of 7 / 

7 . 5 *^ 

For an electric field E existing in a plasma, the current is due to the 

otion of electrons. If the applied magnetic field 5o= 0 and KT e = o 

Sat Vp, = 0- Then in the steady state, the electron equation( 7 . 24 ) 

gives _ — _ _ 

0 = -enE + P ei enE = P ei ( 7 . 27 ) 

the current density j= en(vi~ v e ), equation ( 7 . 26 ) gives 


Since 


Pei= venj 

Comparison of equations (7.27) and (7.28) gives 

E= VJ 


(7.28) 


It. is simply 


the Ohm’s law, showing that r\ is just the specific resistivity. 


7.6 Single-fluid MHD equations 

Now. we want to discuss the problem of diffusion in a fully ionized 
plasma. As the dissipative term P ei depends on the relative velocity 
(Vi-V e ), it would be convenient to work with a linear combination of 
the ion'and electron equations where (v,- v e ) is unknown rather than 
with the individual equations separately where v* and v e are unknown 
independently. By dealing with the equations for ions and electrons 
separately, we have so far dealt with the two inter-penetrating fluids. 
The linear combination of the equations for ions and electrons would 
describe the plasma as a single fluid, and the equations dealing with 
the single fluid are known as the equations of magnetohydrodynamics 

(MHD). 
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Let us consider a singly ionized plasma (hydrogen plasm ) 


the mean density p, mean velocity v , and current den^f a * lfl dcR 

,ty 3 as 

p = rtiirii + n c m c « n(m,- + m e ) 


( 7 -29) 

( 7 -3oj 


—* 1 / —* —► x 771 y 77: -f-777 7; 

7;= -(riimi 7 ; t * +n e m c v c ) « — -— 

+ m c 

j = e(riiVi -n c v c ) « ne(v f - u e ) 

In the equations of motion for ion and electron, we shall now 
gravitational force in order to represent any non-electromagnet '^ 6 
The equations of motion for ion and electron can be written as ^ ^° rCe ' 


(7.3 


1 ) 


lr *lud 6 


and 


m,iTi 


m c n 


dvi 

dt 

dv c 


= en(E + Vi x B) - Vp* 4 - m t np + p ic 


= -en(E + v e x B) - Vp e + m e ng + p r . 


< 7 -32) 


dt (7.33) 

Here, we have not accounted for the anisotropic component 7 r »<. u 

It Won] ] 

not introduce much error if the Larmor radius is much smaller 

the scale length over which the various quantities change. F 0r ^ n 

treatment of the problem, we have to neglect the term (v ,V)U 

this simplification is more difficult to justify. However, we m Q , ^ 
—» # ' Say 

that v is assumed to be so small that this quadratic term is neglig^] 

Addition of equations (7.32) and (7.33) gives 

n—{miVi +m e v e ) = en(vi~v e )xB -V(p*+p e )+n(m t -+ m e )p (7 34 ) 

Here, we have used P e i= — Pi e • Defining total pressure p = p t +p e anf j 
using equations (7.29) — (7.31) in (7.34), we get 


n—[u (mi +m e )] =j x B -Vp + p 9 


dv~>-> -♦ 

P-Qj; =3 x B -Vp + p 9 ( 7 . 35 ) 

This is a single fluid equation of motion describing the mass flow. Notice 
that the electric field does not appear explicitly because the fluid is 
neutral. 
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Now, let US multiply equation ( 7.321 v lv 

and subtract the latter from the former to gcT eqU " ,i °" (7,33) * 

Q _^ 

- cn(m, + m,)£ + CT(m( - + ~ 

-m,V Pj + mi Vp,- (m , + me)?tt (?36) 
Using equations (7.26), (7.29) and (7.31) in (7.36) , we get 


^ j _^ 

t (£) =epE +en < m -’ ; . +m, ;,)x fi - me v p , 
+mjVpc - (nit + Tn e )T}e 2 n 2 (vi - v r ) 


= e pE +en(m e Vi +m t v e )x B -m e Wp, 
~ dt'n' yx 


+miVp e - ppej 


(7-37) 


Now, we can write 

m e v l +miV e = rriiVi +m e v e +mi(v e -Vi) + m e (7 t - v e ) 

= (mi + m e )v -{m - m c )^ = “ u _ ( m ' _ 

Using equation (7.38) in (7.37), we get 


m l m e n d_/3_\ _ g + e n[- n -(m* -m e ) — lx B 

m\nJ neJ 


dt^n 


(7.38) 


- m e Vpi + m i Vp e - ppe j 

After dividing by ep, this equation can be rearranged as 

- - - ■? 1 \mivn e n d(j\ ( iTxR 

£ + v x B-VJ= —l—^— ftU + (ro - 


+m e Vpi - m l V Pe 
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For the slow motion, the term d/dt can be neglected. 
m f /m t —» 0 , we have 



E + v x B -i)j - —(mi 3 x B -mjVp e ) 
ep 


= ~{j X B -Vp c ) 
en 



This is our second equation, called the generalized Ohm’s law, f or ^ 
single fluid plasma. The term j x B is known as the Hall current Th* 
often happens that the terms on the right side of equation ( 7 . 39 ) ar 
negligible, then the Ohm’s law is 


E+vxB=r,j (7.40) 

The equations of continuity for the ion and electron are 

dn, _ dn e „ , 

+ V.(niVi) = 0 and — + V.(n e v e ) = 0 ( 7 ^ 

On multiply the first equation of (7.41) by nii and the second by m e and 
adding we get 

d . _ 

— (riimj + n e m e ) + +n e m e v e ) = 0 


U _ i 

S + V.(p„) = 0 


(7.42) 


On multiply the first equation of (7.41) by e and the second by -e and 
adding we get 


dt {n i e-n e e) + V.[e(n i v i -n e v e )J = 0 


da¬ 

rn 


+ v. j = 0 


(7.43) 


where <7 - e(n, - n,) is the charge density. The equations (7.35) (7 40) 
7.4^ and 7.43) form a compiete set of MHD equations T S 
quations along w,th Maxwell equations is used to describe the equilib- 
num state of a plasma. These MHD equations have been extensively 
used in astrophysics and in cosmic electrodynamics. 
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1.1 D®”' 0 " ‘ n * ,ull >' p lasma 

|0 ^ llw e rav ^- the «**iy «»*, p,^ u ^ ^ 


1 X 


B= Vp 


and 


E + v x b~ 

The perpendicular component can be obtained hv 

* . _ (7 A A\ _ill 1? V 

of sco 

E x B +[(v± + t?||)x b]x b~ 


Vi (7.44) 

, on d equation of (7.44) with £ Uklng cross Product 


V J x b 


E x B +(u± x B)x B= T]Vp 


E x B + B {v ± . B)- v L (B -B) = 


E*B-v ± B 2 = 7?Vp 


- _ E x B _ v_ 
v± ~ B 2 B 2 Vp 


T)Vp 


(7.45) 


In equation (7.45), the first term is just E x B drift of both the ion and 
electron together, whereas the second term is the diffusion velocity in 
the direction opposite to Vp. For the axisymmetric cylindrical plasma 
in which E and Vp are in the radial direction, we have 


E = E r f 


E x B 
B 2 


Y7 dp ~ 

Vp= d~r r 


E r B ' E r 


B = Bz 


b> e =~i e 


r] dp 
B 2 dr 


Thus, the perpendicular components are 

E r 

Ve = -~B 

Here, radial component of the velocity would contribute to the diffusion. 
Thus, the flux associated with the diffusion is 

$ = riiV u +n e v ±e 
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— W T 7 V 

* Q2 — "e ~Q2 VPe = ~ n 


r ' KT ’V n-n^Vn 


B 2 


B 2 


= = -CxVn 

This can be interpreted as the Fick’s law with the diffusion coefficient 

V n(KT, + KT e ) 

D ± = ~q2 

This is generally known as the classical diffusion coefficient for a fully 
ionized plasma. 

7.7.1 Solution of diffusion equation 


In the diffusion equation 

= -D±Vn 


the diffusion coefficient 


D l = 


V n(KTi + KT e ) 
B 2 


is not constant. Let us take T) = T e — T and assume that a — tjKT/B 2 
is constant. Thus, D± = 2 net, and the equation of continuity is 

— = -V.$ = V.(D±Vn) = V.(2naVn) 


= aV.(2nVn) = aV 2 n 2 


(7.46) 


This is a non-linear equation. It can however be solved partly analyt¬ 
ically and partly by numerical techniques. On applying the method of 
the separation of variables to equation (7.46), we have 


n(r,t) = T(t) S(r) 


(7.47) 


Using equation (7.47) in (7.46), we get 



= aT 2 V 2 S 2 


1 dT _ a 
T 2 dt ~ 5 V 


2 


s 2 


(7.48) 


In equation (7.48), the left side depends on t whereas the right side 
depends on r. Hence, the equation can only be satisfied when each side 
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is «l u 

<7.4$)' 


tal to sonie 


of equation 


1 


t 


where 

decreases 


we l^ve 


wc have 

i dT = 1 

ft dt t 

- U T 

r = To at i = 0. It shows that density 0 f the ch 

exponentially with time. For the right siH f Particles 

gnt side of equation (7.48), 


T 


= r + 

7 0 T 


V 2 S 2 = - -L s 

ttT 


This equation cannot be solved analytically, but through the 
techniques- After knowing S and T, wc can find out n. 


numerical 


^ g problems and questions 

l Discuss the process of ambipolar diffusion of various species in a 
weakly ionized plasma in absence of a magnetic field. 

2 . Discuss the process of diffusion of various species in a weakly ion¬ 
ized plasma across the magnetic field. Comment on the ambipolar 
diffusion across the magnetic field. 

3 Discuss the phenomena of diffusion and recombination in a plasma. 

Show that the diffusion is more effective in comparison to the re¬ 
combination. 

4 Derive the single fluid MHD equations for a fully ionized plasma. 

5 Derive an expression for diffusion coefficient for a fully ionized 
plasma. 

6 . Discuss about a fully ionized gas. 

7. Write short notes on the following 


(i) Recombination process in the plasma 

(ii) Collision of two charged particles in a fully ionized plasma 
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Equilibrium and Stability^ j 


8.1 Introduction 

If we talk about the individual particles moving in a plasma, it i 0oJ(g 
easy to design a magnetic field to confine a collision-less plasma. Th e 
main requirement in the design of a magnetic field is that the field l ines 
do not hit the vacuum wall. Hence, the field is designed in such a way 
that all the particle drifts are made parallel to the walls. Dealing with 
individual particles is quite different from that with a plasma, as the 
plasma itself generates internal fields which obviously affect its motion. 
For example, a gradient in charge distribution can create an electric field 
E which can cause E * B drifts; the currents in the plasma can create 
the magnetic fields and hence a gradient in the magnetic field, causing a 
drift. The drifts may move the particles to the wall. Hence, it is not easy 
to understand whether the magnetic field designed to confine individual 
particles can also confine a plasma. 

The problem of plasma confinement can be studied in two parts: 
(i) the problem of equilibrium and (ii) the problem of stability. The 
difference between the equilibrium and stability can be understood in the 
following manner. When all the forces acting on a system are balanced, 
the system is said to be in an equilibrium state. This equilibrium state 
is stable or unstable can be decided by giving small perturbations to the 
system from the equilibrium state. The equilibrium is said to be stable 
or unstable according to whether the small perturbations are damped 
or amplified. 

When we talk about a plasma, the situation is more complicated in 
comparison to that for the mechanical systems. Figure 8.1 shows four 
cases, A, B, C, D of one-dimensional systems where variation of poten¬ 
tial energy V as a function of x is shown. The equilibrium position in 
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gcb case is represented by *„. When a 

lion is g' ven a sma " displacement, i„ A '* ‘ n the equilibrium po . 

0VC to and fro about the equi| ibrium ^ the particle wj|| 

rest at its equ.hbr.um position. I„ the “ d slw 'v will comc 

the particle will never come back to its equilibria* 0 B ^ D, 
and c are the examples of stable equilibrium whcrer^ 0 "' ^ A 
niistablo equilibrium. Further, in the case C, „ nly srna|| ^ D «• - 
,ermissible- In a plasma, an equilibrium req uires v , latlons are 
1 each fluid element. From the dealing poi „ t of v J^“ g the fore es 
th e equilibrium is more difficult than that the stability e A Pr ° biem ° f 
it can be understood as follows. For small perturbations 
of stability can be linearized just as in the case „f pla8 ma 
the other hand, the problem of equilibrium is non-li„ear. and cannot 
linearized by any means. 



Figure 8.1: Four cases A, B, C and D for variation of potential energy V as a 
function of x. Here, xo represents the equilibrium position. 
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8.2 Hydromagnet ic equilibrium 

r rioc^rihine the mass flow is 

The single fluid equation of motion descnn g 

=7 x B -Vp + pV 

p dt 

For a steady state d/dt = 0 and <7=0, we get 

Vp =7 x B (8-1) 

and one of the Maxwell’s equations is 

Vx B= PoJ (8.2) 

The simple equation (8.1) can be used to make several observations. 
Some of them are as the following. 

(i) Equation (8.1) shows a balance between Lorentz force and a force 
due to the pressure gradient. In order to understand it, let us consider a 
cylindrical plasma where Vp is directed radially inward (Figure 8.2). Thus, 
there would be outward force of expansion. In order to counteract this 
force of expansion, there must be an azimuthal current in the direction 
shown in the figure. The magnitude of the current required for having 
equilibrium can be estimated by taking the cross product of equation 
(8.1) with B as 



Figure 8.2: In the steady state, the pressure-gradient force is balanced by the 
3 -l x B force of the diamagnetic current. 

B xVp =B x(j x B) 

=B xtu x B) =il (B . 5 )— B (5 . si) =jl B 2 
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}l ' D ~ "" yM '** + KT e ) B *V n 

tbe same as the diamagnetic current 0 bt • ' 

“ *, b v tbe VP force across B and is 8u|fi ’ earli*. It ^ 

element of fluid and to stop the moti„ n . ***** the f orce8 ” n 

. • /Q 1 \ A- 1 A 1 


“ lull on. forces 0n 

(ii) Equation (8.1) shows that both J and ~ 

Tbis situation is possible in the form 0 f a rath *** indicia, u> 

consider a toroidal plasma having a smooth '' geome . 

mat the surfaces of constant density (that is con t e " Sity ^adient 
u a COns tant . 



Figure 8.3: Both the vectors j and B lie on the constant-pressure surfaces 

Since j and B are perpendicular to Vp, they must lie on the surface of 
constant p. The field lines and direction of current may be twisted ° 
such a way that they must not cross the constant-p surfaces 

(iii) Consider the component of equation (8.1) along the magnetic 
field along the field lines. It gives 


where s is the coordinate measured along the field line. The right side 
is zero as the j x B is always perpendicular to B. For constant tem¬ 
perature r, this equation can be written as 

KT^=0 

OS 
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showing that in the hydroraagnetic equilibrium, the density is const ant 
along a field line. One may be doubt about this conclusion. In order to 
understand it, let us consider a plasma injected into a magnetic mir ror 
(Figure 8 4). As the plasma streams through, following the field l ines 
it expands and then contracts showing that the density is clearly not ’ 
constant along a field line. This situation however does not satisfy the 
condition of a static equilibrium. The {v .V)v term, which we neglected 
along the way, does not vanish here. Hence, we must consider a static 
plasma with v= 0. In that situation, particles are trapped in the mirr 0r 
in such a manner that there are more particles near the mid-plane than 
near the ends as the mirror ratio is large there. As the area of cross sec¬ 
tion is larger at the mid-plane than at the ends, the density of particles 
is constant along the field lines. 



Figure 8.4: Expansion of plasma streams into a mirror. 


8.3 Concept of (3 

On substituting value of j from equation (8.2) in (8.1), we get 
Vp = A*o 1 (Vx B) x B- Ho 1 [( B .v) H ^ VB 2 

v(p+ £-) = —(S.v) b M 

V 2p 0 ' A*o v 7 

In many interesting cases, for example, for the axial cylindrical field , 1 
1 We have 

B= Bz 5 V = B | (5 V) B= 0 
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V * 

right side vanishes; in many other cases tho • t 
Jom «l uation (8 ' 3) ’ we have nght ” deU8ma| l Thus, 

B 2 


P + 2^> = consta nt 


(8.4) 


The term B 2 /2 po is the magnetic field p ressure - 
mat the sum of the particle pressure and magnetic si ’ ^ 
instant- Therefore, the magnetic field must be low where SIT* * 
is high and vice versa. Inside a plasma, decrease of magnetfc 
ca used by the diamagnet.c current The measure o, the diarn^ 
effect is expressed in term of the ratio d gnetic 

R _ P _ particle pressure 
B ' 2 / 2 ^o magnetic fidd^^ 



Figure 8.5: For a constant sum of magnetic and particle pressures in a finite-/? 
plasma, the diamagnetic current significantly decreases the magnetic field. 

So far we have implicitly considered low-/? plasma, where the value 
of /? is between 10“ 3 and 10 -6 . For low value of /?, the diamagnetic 
effect is very small and thus we considered a uniform magnetic field Bq 
in the treatment of plasma waves. 

When /? is high, the local value of the magnetic field can be reduced 
by the plasma. High-/? plasma are found in space and is in the MHD 
energy conversion research. 

In principle, one can have a /? = 1 plasma where the diamagnetic 
current generates a magnetic field exactly equal and opposite to an ex¬ 
ternally generated uniform field. 
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8.4 Diffusion of magnetic field into a plasma 

The problem of diffusion of magnetic field into a plasma is quite common 
in astrophysics. Consider a situation where the two regions, one with a 
plasma but no magnetic field and the second with a magnetic field but 
no plasma, are separated by a common boundary (Figure 8.6). When the 
plasma has no resistivity, i.e., it is superconductor, the magnetic lines 
force cannot penetrate the plasma. The motion of plasma thus pushes 
the field Hnes and can bend and twist them. 


B only 



Plasma only 

Figure 8.6: When the plasma is perfectly conducting, regions of plasma and 
magnetic field are separated by a sharp boundary. Currents on the surface 
exclude the field from the plasma. 


If the resistivity of the plasma is finite, the plasma can move through 
the field lines and vice versa. This diffusion however takes a certain 
amount of time. When the motions are slow enough, the field lines need 
not be distorted by the motion of plasma. The diffusion time can easily 
be calculated from the equations 


Vx E- - B 


E + v x B= T) j 


For convenience, let us assume that the plasma is at rest and the field 
imes are moving into it. Then 7= 0 and we have rj and there^ 

(8.5) 


dB 


dt Vx E= — V x (r]j ) 
Using equation (8.2) in (8.5) we get 


dB __ r) 

— _ --V X (Vx B) = -^[V(v. B) - V 2 B ) 
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5^ V. 3= 0, the diffusion of the magtletjc ~ 

.^pressed** _ r ° Ugh ‘he plas raa 

dB n 

( 8 . 6 ) 

Solution of equation (8.6) 

Equation (8.6) can be solved by the method 
variables ‘he separation of 


B(r,t) = 7(05(7) 


Using equation (8.7) in (8.6), we get 


dT _ V ~S 


dt Ho 


IdT 
T dt 


S Ho 

In equation (8.8), the left side depends on t whereas the right a 

pends on r . Hence, the equation can only be satisfied when P T t 

is equal to some constant, say -1/r. Thus, for the left siH. r S,de 
(* 81. we have of equation 


(8.7) 


V2 *S (8.8) 


In 


J_dT _ _1 
T dt r 


dT_ i 
T ~ r dt 


T = To e- 


where T = T 0 at t = 0. It shows that density of the charged particles 
decreases exponentially with time. For the right-side of equation (8 8 ) 
we have 


-^V 2 5= - 


(8.10) 


I V ^ 9 

Equation (8.10) can be solved for various geometries of the container o 
plasma. 


Diffusion in a slab 

For a slab, for variation in one-di 
written as 

d 2 S _ Ho 


i-dimension, equation ( 8 . 10 ) can b 


^ 7 ; 

da : 2 rjr * 
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General solution of this equation is 


C-0) 


x ect solution to be symmet- 
where A and B are constants. Since we e p term and thus we 

rical about the x = 0 plane, we can ignore 


have 


S=A cos ^ 


ef> 


«_ >i» ”«"■» “ * ■” 

container, we have /ly/P o\ 


at the walls x = ±1 of the 


0 =A cos ) 


and thus, 


where u is an integer. 


V^o _ ( 2 n + 1) \ 

Jrff 2 

We account for the simplest case of n = 0, and 


hence, 


S=A cos 



( 8 . 11 ) 


Using equations (8.9) and (8.11) in (8.7), we get 
B (r,t) = T 0 e~ t/T A cos J 

“*> e-‘ /r cos(f) 


where B 0 (= To ~A) is the magnetic field at t = 0 and x - 0. 

Diffusion in a cylinder 

For a cylinder, equation (8.10) can be written as 


£f + iiI + *>s = o 

d r z r dr r\r 

2 d 2 S . . dS , /tor 2 
r d^ +r dT + “^T 


S= 0 


( 8 . 12 ) 
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we are considering radial variation of the 
rt icles. Let r ~~ *VTt/ Then 


i HH 1 &n< ^ Stability 203 
denSity of ‘he charged 


dx 

yT^o 



dr 

y/VT 



dS _ 

dS dx 

= v^od 5 


dr 

dx dr 

\fnr dx 


d 2 S 
dr 2 

_ y/V -o d 2 S dx 
yfrjr dx 2 dr r/r 

d 2 S 

dx 


Using these relations in equation (8.12), we get 


2^5 d S 2 
1 d^ +x ^ +i s =° 


This is the zeroth order Bessel equation and its solution is the Bessel 
function Joi x )- Thus the solution of equation (8.12) is 


S=A JoOr) =A 

V \/VT > 


(8.13) 


where A is a constant. Since, we expect the magnetic field to be nearly 
zero {S= 0) at the surface of the cylinder r = ft, we have 

For the first zero of the Bessel function, we have 

R = 24 


y/rjf 


(8.14) 


Using equations (8.14) in (8.13), we get 

-> — T /2.4r\ 

s=aj <-r) 

Using equations (8.9) and (8.15) in (8.7), we get 

B (r,t) = T 0 e-V T AJofijp) =Bo e~ t/T Jo( 
where Bq (= Tq A) is the magnetic field at t = 0 and r = 0. 


(8.15) 





\ 
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Energy dissipation 

In order to make a rough estimate, let L be the scale length of the 
spatial variation of B . Then we can write 


dB 

dt 


= —v 2 3 

Mo 


B _ y 

T HqL 2 


where r = hqL 2 /ti is the characteristic time for magnetic field penetra¬ 
tion into a plasma. 

As the field lines diffuse through the plasma, the magnetic field an¬ 
nihilates and the energy of the field converts into the ohmic heating of 
the plasma. The energy lost per m’ } in a time r is rjj t. The value of j 
can be estimated from the Maxwell equation as 

»7=Vxb 


Thus, the energy dissipation is 

{ B \2fMiL 2 _B 2 B 2 

’ UT=r W — " »" 2 aS 


8.5 Classification of instabilities 


In the discussion of plasma waves, we assumed an unperturbed state 
which was one of the perfect thermodynamical equilibrium. In such a 
state of high entropy, there was no free energy available to excite plasma 
waves. We know consider states that are not in a perfect thermodynam¬ 
ical equilibrium. They are although in equilibrium in the sense that all 
forces are in balance and a time independent solution is possible. The 
free energy which is now available can cause the waves to be self-excited; 
the equilibrium is then an unstable one. 

Depending on the type of free energy available, instabilities can be 
classified into four main categories. 


1. Streaming instability: In this case, different species of plasma 
have drifts relative to one another. The drift energy is used to 
excite the waves and oscillation energy is obtained from the drift 
energy in the unperturbed state. 
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ig h-W lor * nstablllt y : In this case, the density of plasma 
n jf 0 rm and an externa ^ non -electromagnetic force is applied 

* IlOt a* . i r ... 


IS 

to 


the 


plasma- This external force drives the instability. 


4. 


sal instability: Even when there are no obvious driving 
U niV ^ as an electric or a gravitational field, a plasma itself 
f° rceS . a perfect thermodynamical equilibrium as long as it is 
is ° ot 1 ^ ere t he plasma pressure tends to make the plasma 
c0 nha t ^- s eX pansion energy can drive an instability. In a 

eXpaI1 i sin a. this type of free energy is always present, and the 
Unite P called the universal instabilities. 

resulting waves a 

instability: In the fluid theory, the velocity distribu- 
j^inetic , j. 0 be Maxwellian. The velocity distributions 

tions non-Maxwellian and thus, there is deviation from the 

thermodynamic equilibrium. 

8 6 Two-stream instability 

m a having two species, positive ions and electrons. Let us 
Consider a p asm w fo c h gtationary i ons form a background 

“TiteU" moving- Let the_p.as.na is co.d (T, = T e = 0) and 
toe il no external magnetic field (Bo= 0)- Equations of motion and 

continuity of an ion are 


dv. 

m 


- + (vi -V)vi 


= eE 


and ^ + V.(rw) = 0 (8.16) 

at 


vm 

L (JL 

For linearisation, let ns separate the variable parameters into two parts: 
(i ) m equilibrium part, indicated by a subscript 0 and (u) the pert - 
bation part, oscillations, indicated by a subscript 1 

Vi = Vio + vn E = Eq + E\ 

well as independent of 


Ui = TliO + Tin 


We have u7o = E 0 = 0 and n 0 is homogeneous as # 

time, i.e., Vn 0 = dn i0 /dt = 0. Then, linearisation of equations (8. ) 

gives 

dm -> , dm v (8-17) 

m,—- = eE\ and —xr~ + n *o v - v*i u v 

dt at 
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. , „f an electron are 

Equations of motion and continui y 

' _ ^ + V.(n e £) = 0 (8.18) 

m r ^ + ( 5 .v) 5 ]—* “ d * 

l dt vai . ab|e parameters into two parts: 

For linearisation, let us separate subscri pt 0 and (ii) the pertur- 

(i) an equilibrium part, indicated y 

bation part, indicated by a subscript! 


v e = v7o + Vel 


E = E 0 + E\ 


n r n«o + n ‘ i and time independent, t. e., Vn„ 0 = 

Wc have neo and iCo as homogenwu - = Q TheIli linearisation of 
v. ^ = dn^/dt = dv* /at 

equations (8.18) gives 




\ d Jh. + (v* -V) £i ] = - eE ' 


and . + n e0 V. Cl +(<5> • v > n ' 1 - 0 (819) 

dt 

Since the unstable waves are high-frequency plasma oscillations, we must 
use Poisson equation ^ 

e 0 V. E = e(rn - n e ) 

where n, and n e are densities of ions and electrons, respectively, and an 
e the electron charge. Linearisation of the Poisson equation gives 

e 0 V. (E 0 + Ei) = e((njo + n>i) - ( n e0 + n ei)l 


e 0 V. E\ = e{nn - n e i) 


( 8 . 20 ) 


where we have used rijo = n e o 5 in the equilibrium, the neutrality is 
maintained. We assume that the perturbation quantities behave sinu¬ 
soidally then the time derivative {d/dt) can be replaced by 

—iu>, and the gradient V by ik- From the equations (8.17), (8.19) and 
(8.20), we have 


—icjuiiVu = eE\ 


till = — Ei (8.21) 

rriiUJ 
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+ 


jlQikVel 


+ ikvoflel — 0 


ikeoE' 


e(m i' ne i) 


„ _ kno 

el ~^o V ' 1 ( 8 - 24 ) 

(8.25) 


0sing eq 


u ation (8-21) i n (8-22) and (8.23) in (8.24), we get 


rin = 


knpie ien 0 k 
E l =-0^1 

—i •/. 


ujrriiUJ 


rriiur 


(8.26) 


knpieEi 


ienpk 


_=- - — "-T-r^Ei (8.27) 

ne l " (a; - kvo)m e {u ~ kv o) m e (u; fcuo) 

ig 26) and (8.27) in (8.25), we get 

iing equations l • 

ienpk 


•ienok _ ienplc j ^ 

ikeoEi = e m e {u-kvo) 2 i 

E ^ 0, we get the dispersion relation 

ie 2 kno 1 , _!-J 

1 = lSrUa- 2 m«(u>-too) 2J 


i = w; 


r me/nii 


,2 + (v^kvof^ 


1 




(8.28) 


^ — numbers - For a realroot ' 
tsoidal behaviour gives 

e i(k-r~u>jt) 

ying an oscillatory behaviour. For complex roots which always occur 
omplex conjugate we write 

ufj = a j + *7j 
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where atj and 7 j are real numbers, and the sinusoidal behaviour gives 

e i(k.r-ajt) e 7jt 

showing an exponentially growing wave for a positive value of 7 j or an 
exponentially damped wave for a negative value of 7 j- Since the complex 
roots always appear in a conjugate pair, i.e., we have both negative and 
positive values of ii simultaneously. Hence, for the comp ex roots, one 
of the waves is always unstable. 


F(x,y) 



r P( T ?/ ) gc a function of x for a given value of y . Here, 
Figure 8 .7: Variation of t (z, y) as a iuuw 

all the four roots are real. 

The dispersion relation can be analyzed graphically without solving 
fourth-order polynomial equation (8.28). Defining 

kv o 


x = 


UJ 

UJr) 


and 


V = 


UJr 


equation (8.28) can be written as 


me/m t 
1 — « 


X* 


{x - y) 


- = F{x,y) 


The function F(x, y) has singularities at n = 0 and at x - V- For gi 
value of y , we can plot the function F(x, y) as a function of x (Figure 8.7). 
In the figure 8.7, the line F(x,y) = 1 intersects the curve at four points, 
giving the values of z satisfying the dispersion relation. Figure shows 

that all the four roots of the equation (8.28) are real. 

For a smaller value of y, the graph for example is as shown in Fig 
8.8, where the line F(x, y) = 1 intersects the curve at two points, showing 
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root of the equation (8.28). The --- 

t*° f . an d one of them definitely mn<!f tw ° r °ots are f 

shows that for sufficient, to 

Ration*. ^St-wavel*** 



re 8.8: Variation of F(x, y) as a function of x for a given value of y. Here 

FigU .L.s are real. 


Since 


small value of kv 0 is required for instability, hence for a given 


valu^ 


k va i ue of n 0 has to be sufficiently small for instability. 


g 7 Gravitational instability 

• h Taylor instability in a plasma occurs because of the magnetic 
A Rayleig ^ flui( j suppor ting a heavy fluid (plasma). When 
fieid . acts as ^ ^ curve f„ shape, the centrifugal force on the 

‘f mag "l to particle motion along the curved field lines acts as an 

plasma , national force. Let us consider the simplest case where 
‘equivalent grav-tat nal ^ ^ (Figure M) ^ the density 

th !d Pl TTn a the r -s direction be Vno amd 9 in the x-direction^her, 
gradient in tne t — T = 0. Thus, the 

r l^nr And cold plasma it c 

- 

m .f ^ + (v i .^)v i }=ev i xBo+m,S 

L ot 
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OB 



y 


Figure 8.9: A plasma 


surface subject to a gravitational instability. 


rimn the subscript i of the ion. In the equilib. 
For convenience, we drop tht su 

rium state, we have 

m ,( VO .V) VO = evo X Bo +™>9 (8.29) 

,f , is constant, u„ also is constant and therefore ( 5 .V)* vanishes. 
Taking cross product of equation (8.29) with Bo, we get 

0 = e(v 0 x Bo)x Bo + * B ° 

0 = e.B 0 (v 0 ■ Bo) - ev 0 (Bo • So) + m i ® x So 

rm 9 x Bq m i9 ~ _ 9_, 


vq= 


e ' Bl 


eB 0 y = ~n c y 


(8.30) 


where Cl c {= eBo/mi ) is the ion cyclotron frequency. Because of the 
opposite charge, electrons would have a drift 

- 9 ~ 

V e 0= —V 
Ld c 

This drift of electron can be neglected in the limit m e /mi —> 0. As we 
have assumed T = 0, there is no diamagnetic drift. Since Eq = 0, there 
is no E 0 x Bo drift also. 

If a ripple develops in the interface as a result of random fluctuations, 
the drift vq causes a ripple to grow. Owing to the drift of the ions, 
opposite charges are developed on the sides of a ripple and thus an 
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electric field is developed. The sigp of - 

to . trough « the perturbatlou * We gQ 



Figure 8.10: Shows a physical mechanism for th 

or the gravitational instability. 

Figure 8.10 shows that E, x B„ is upward in the regions wh 

has moved upward, and is downward in the re ' cre ,hc surface 

has moved downward. The ripple grows as a rreuh "rTn ^ SUrf “ e 
phased Ei X B„ drifts. **“ ° f these P'°P«ly 

For finding out the growth rate, let us perform the usual linearisation 
analysis for the waves propagating in the y direction, k * The 
equation of motion of the ion is 

+ - V )^] = e [2 + ^i x Bo] + m i g 


Let us separate the variable parameters into two parts: (i) an equilibrium 
part, indicated by a subscript 0 and (ii) the perturbation part, indicated 
by a subscript 1. Then this equation can be written as (Eq is zero) 


m, 


^(uo + Vi) + ((ij + Ui).v)(v5 + tq)] 


= e 


E\ +(uo + ui)x Bq +rrii9 (8.31) 


Subtracting equation (8.29) from (8.31), we get 

a —> ) —► 

^[—(vq 4 - ui) + (vq .V) v\ +(v\ .V) vq +(vi .V) ui] = e[E\ + v\ x Bo] 


Though 9 is canceled out, the information about it is still contained in 
uo- On linearisation and treating vo to be homogeneous and independent 
of time, we get 


I 
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i~dt + ' V ^ Vl J = ^ * So] 


( 8 . 32 ) 


We assume that the perturbation quantities behave sinusoidall «(£ " 
then the time derivative ( d / dt) can be replaced by an( j ^ ’ P "'*) 
^ by ik. From equation (8.32), we get e Sradie^ 

-m l iujv\ +ikrriiVo v\= e(Ei +uJxB 0 ) 

- kv o)ui= ie(E\ + v\ x B 0 ) 

Taking v[= vj + v y j + v z k and E x = E x i + E y j + E z k, for non-tr' • 
and y components, we have a x 


mi(u - kvo)v x = ie(E x + v y B 0 ) and mi(u - kv 0 )v y = i e (£ _ y 
Using U c = eBo/mi, we have 


So) 


and 


v T = 


v y = 


ie 

1 

(E + v Bn\ — 1 

(E x \ 


mi(u - kv o) 

[E x + VyBoj - (u _ I 

iB Q + ^J 

(8.33) 

ie 

\E V Bn) — I 

( E v \ 


o' 

1 

•N 

6 

VM) (w _ ^ | 

iB 0 v * ) 

(8.34) 


Using equation (8.34) in (8.33), we have 


itt c 

E x 

§ 

l 

3 

iB 0 

*ft c 

E x 

[uj - kv 0 ) 

B 0 


i$l c / E 


(£-*)] 


it K, 


*c , 

r> 




Thus, we have 

vJl -- \ = _ 

X V (u-kv^J (u,- 


& ^ a 


Hence, 


V-r = 


(a; - kv o) 2 ' (u - kvo)Bo 
e 

nii(u - kvQ) 


6 »<S V 

IV (id — kv n) 2 / 


iE x 


ft. 


(a; - kvo) 


iE x - -——— E„ 
{uj-kv 0 ) y 


mi(u-kv 0 )\. x (u-kv 0 ) y \ \ {u-kv 0 ) 


ft? x-i 
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tioI1 (8.33) in (8.34), we have 



By 

zT2 r 


Vy 55 (a; " &*>) 

tBo 

1 

3 

^ + mi 


i Qc Ey _|_ E x ^2 

o) - fc ^) 2 b 0 + (^t^ v y 


. *e have 

TbuS ’ <« 


v y 


Cl 2 \ = _ r 

(l " (^ - kvo) 2 ' (u> - kv {) )B() L y + (u; 


It 


rai(u; — /c?; 0 ) L 


iE y + 



(u) - kv 0 ) 


For 


0 


and ti 2 c »( u >- ^o) 2 , we have 


^ t;r T7li{bJ ^^o) 

_e_ £y __ By 

rm fie *o 


(a; - fcn 0 ) y 


(u; 

-^o) ■ 


- 

(w 

- kv 0 p 



(u> 

cs 

o 

5 

i 

(V - 

- kv o) 2 ] 




1 

/ 


n? 


(8.35 


and 


^ (w-fcno) 1 ^ 

!i M-nr - ) 


Viy mi(uj - fcn 0 ) 


ie£ y (w - fcn 0 ) m* _ t(a; - kv lQ )Ey 


mi 


y !\J \S\J J ' ' ~ • VX 'l\J j^y 

fl c eBo £I c Bq 


(8.36) 


Here, we have added the subscript i for ion. The corresponding quanti¬ 
ties for the electron are 

_ i(u - kv e o)E y 


E y ~ j 

-=r and v ey = 

Bq U c Bq 


(8.37) 


For the limit (m e /mj) —> 0, the v ey vanishes. The equation of continuity 
of an ion is 

^ + V.(rnvi) = 0 


i 

f 

ft • 

t- 


; 


■ 


i 


Scanned by CamScanner 



214 Plasma Physics 


For convenience, we drop the subscript » for ion. Let us separ ate 
variable parameters into two parts: ( 1 ) an equilibrium part, indicate 
a subscript 0 and (ii) the perturbation part, indicated by a subset * 

— (n 0 + ni) + V.l(n 0 + niHno + t'i)] = 0 
dt 

QOl + V inn vo +m Vo +no v\ +m v\] = 0 
dt 

+ (vo .V)no + n 0 V. v 0 +(^o -V)ni + n iV. v 0 
dt 

? * o' 

+(v5 .V)no + n 0 V. v\ +(v i .V)ni + mV^. v 1= 0 (g^ 

Since m is perpendicular to Vno and m is constant, we have (vq .V)tiq 
n 0 V. m = mV. vo = 0. Further, the terms (v[ .V)m and mV. ^ are 
neglected as they are quadratic in perturbation. We assume that the 
perturbation quantities behave sinusoidally e ^ then the time 

derivative ( d/dt ) can be replaced by —iuj, and the gradient V by 
The equation (8.38) gives 


—ium i + ikvQTi\ + Vi X n' 0 + iknQViy = 0 

where n' i0 = dnio/dx. Since v e o = 0 and v ey = 0, the 
equation for electron is 


(8.39) 
corr esponding 


—ium e \ + v ex n' e0 = 0 


(8.40) 


Here, we have used mi = n e i as the plasma approximation. This has 
been possible as the unstable waves are of low frequencies. Equations 
(8.35), (8.36) and (8.39) give 


-i(u, - *«o)n, + - ikno tt s k ^v , 0 

-do S2 C P 0 


(u, - kv o)n, + i^n' 0 + ikno ^-^l S' = 0 


a 


Equations (8.37) and (8.40) give 


Ey 

Bo 


-lUJTlei + ~n' eQj = 0 


t,y _ i(jJTl e l 


n 


eO 


(8.41) 


(8.42) 


Scanned by CamScanner 




Equilibrium and Stability 


215 




Ration (8-42) in (8.41), we get 

. (>* _i v 

i , - kvo)ni + l ~ZT n o + ikriQ- -™o) iur^ 

V U ° ft e = 

, , / fcno (w-fc Vo )N 

(a;' fcyo)ni V 1 + q c = o 


Since 


l n. wc have 
m r u ’ 


fcno kvp) 


o" u n’ 0 ft 


= 0 


^(u; — fcy 0 ) = - 

n 0 


.i» value of «o from equation (8.30), we have 
Using the V<1 


i - kv o) — 


g n c n' {) _ ffng 


u(u> - KV °> Q c no m 


tc > 2 - kvou) - = o 

no 


This quadratic equation for w has solutions 

kv o ± \/k 2 v%+4(gn^/n 0 ) 


UJ = 


Thus there is instability when u> is complex. That is when 

k 2 vl + 4(jnJ,/no) <0 - 9"i/"o > 7 


It shows that for the gravitational instability, g and n' 0 /no must be of 
the opposite sign. This instability, where felB 0 , is sometimes called the 

flute instability. 

Real part of u; is kv 0 /2. As v 0 is the ion velocity, this is a low 
frequency oscillation, as assumed previously. The factor 1/2 is a conse¬ 
quence of neglecting the electron velocity v 0e . 


8.7.1 Resistive drift waves 

A simple example of a universal instability is the resistive drift waves. In 
case of the gravitational flute modes, we had k perpendicular to_Bo- In 
case of the drift waves, there is a small but finite component of k along 
Bo. In this case, the only driving force for the instability is the pressure 
gradient ATVn 0 . Here, T is assumed to be constant for simplicity. Let 
us consider the simplest case where the plasma surface lies in the y 
plane (Figure 8.9). Let the density gradient in the -x direction be Vtiq. 
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Further, we consider the case of low-/? plasma, so that the magnetic fj 
Dq is uniform. The equation of motion of the ion is M 


+ ( 7 -W” ] = Cn ” * B ° ’ Vpi 

l at 


In the equilibrium state, we have 


m,no( H V) vo = «*> x B 0 -KT t Vn 0 


As u 0 is constant, the term ( v 0 .V)v 0 vanishes. Taking cross product 0 f 
equation (8.43) with Bo, we get 


0 = eno{vo*Bo)*Bo-KT i VnoxBo 


0 = en 0 Bq (tj • Bo) ~ en o ^ (^° ' **o) KT t Vn 0 x B 0 


KTi Vnpx Bp _ n <,q 

'n^e eB 0 n 0 


Similarly, for the electron we get 



KT e ri 0 
eBo no 


y 


As the drift waves have finite k z , electrons can flow along B 0 and estab¬ 
lish a thermodynamic equilibrium among themselves. These electrons 
will obey the Boltzmann relation 



efa 

KTe 
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In Figure 8.11, at the point A, the density is larger than that in equi 
librium. Hence, the deviation of density m is positive, and therefore fa 
is positive. Similarly, at the point B, the density is smaller than that in 
equilibrium. Hence, the deviation of density m is negative, and there¬ 
fore, fa is negative. A difference of potential gives rise to an electric 
field Ei between the points A and B, and this electric field causes a drift 
v[= (Ei x B 0 )/Bj in the x direction. 

As the wave travels in the ^-direction, the values of m and fa at any 
point A oscillates with time. The drift Vl will also oscillate with time, 
as it is the vi which causes the density to oscillate. Since the gradient 
Vno is in the -x direction, the drift ti, will bring plasma of different 
ensity to a given fixed point A. A drift wave though propagates in the 
V irection, the fluid moves back and forth in the x direction. To be 
e quantitative, as discussed in the preceding section, the magnitude 
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Here, 


Therefore, 


Ey 

V\ T = -2- 

Bo 


F - u a. 


= _!Mi 

Bo 


of time 


The equation of continuity for a guiding center is 

dn _ , 

— + V.(nu) = 0 

d(no + ni) r _ _ , 

~Qf + v.[(n 0 + ni)(u 0 + t; 1 )J =0 

For the guiding centers, n 0 is homogeneous and independent 
and wo = 0, and thus, we have 

dni r i 

~ 0 jT + V-[( n o + ni) v\ =0 

After linearisation, we have 


+ ™oV. wx +(wi .V)no = 0 

Since wi x does not vary with x, the term n 0 V. v x vanishes, and we have 

-iuni + vi x n' 0 = 0 

where n' 0 = dn Q /dx. Using the expressions for n x and w lx , we get 


e<t>\ ky(b\ . 

"ot;" 0 + ^ = 0 


Thus, we have 


__ KT e rip 
k y eBo n.Q 


= v De 


showing that these waves travel with the electron diamagnetic drift ve¬ 
locity and are called the drift waves. 

To see why drift waves are unstable, one must realize that v Xx is not 
exactly E y jB q for the ions. There are corrections due to the polarization 
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the n onuniform E drift. The effect of these drifts is always to 
ar ift oten tial distribution fa lag behind the density distribution 
„ a ke the P hase shift causes v[ to be outward where the plasma has 


rfhiS P^ iaSC 

*■ 1 > u tward, and vice-versa. When there was no phase shift, 


Ti 

W' . ghifted out 

^eady ^ QU id be 90° out of phase and the drift waves are purely 
nd fa 


m 


an c 


ogC illat° ry ' 

g g Weibel instability 



Figure 8.12: Physical mechanism of the Weibel instability. 

This is an example of the instability driven by anisotropy of the 
,. .. ti function where magnetic perturbation is made to grow. This 

llllso serve as an example of electromagnetic instability. Suppose the 
Tns are fix and electrons are hotter in the y direction than that in 
the i and a directions. Thus, there is preponderance of fast electrons 
in the ±y directions (Figure 8.12). However, equal number of electrons 
flow up and down, so that there is no net current. Suppose a magnet.c 
field B= Bcos(fcr) z spontaneously arise from noise. The Lorente force 
-e» x B then bends the electron motion as shown by dotted curves in 
the figure with the result that downward moving electrons congregate 
at A and upward moving at B. The resulting current sheets j eno e 


\ 
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are phased exactly right to generate a B field of the shape assu med 
and the perturbation grows. This is a simple treatment of the Wei,*, 

instability. 


8.9 Problems and questions 

1. Discuss about the hydromagnetic equilibrium. 

2. Discuss the process of the diffusion of magnetic field into a plasma. 

3. Discuss about the two-stream instability in a plasma. 

4 Derive condition for a Rayleigh-Taylor instability in a plasma. 

5. Write short notes on the following. 


(i) Concept of 0 

(ii) Two-stream instability 

(iii) Rayleigh-Taylor instability 

(iv) Resistive drift waves 

(v) Weibel instability 
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The fluid theory used so far is the simplest description of plasma. It is 
however sufficiently accurate to describe a majority of observed phenom 
elia . But. there are some phenomenon which cannot be described by the 
fluid theory. F° r suc h phenomena, we need to account for the velocity 
distribution function f(v) for each species. This treatment where veloc¬ 
ity distribution function f{v) is used, is known as the kinetic theory. In 
this chapter we shall discuss about the kinetic theory of plasma. 

9.1 Meaning of f{v) 

Difference between the fluid theory and the kinetic theory can be un¬ 
derstood with the help of two velocity distributions fi(v x ) and / 2 ( v x ) in 
one dimensional system, shown in Figure 9.1, for example. These two dis¬ 
tributions have entirely different behaviours in the kinetic theory, but as 
s the areas under the curves are the same, fluid theory provides 

along 

the same behaviour. 



hM 

■ 

v \ / 

hM 

V.... 

r 


v x 

v x 

Figure 9.1: Examples of two non-Maxwellian distribution functions in one- 

dimensional space. 

9 


For a distribution function /(?, v , t), the number of particles per m 3 
at position r and time t with velocity components in the ranges rom 


221 
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v x to v x + du x , from v y to v y + dify, and from v z to v z + dv z is 
f(x,y,z,v x ,v y ,v z ,t) dv x dv y dv z 

Here, the position variable 7 and the velocity variable v are independent 
of each other and thus we are dealing in the phase space. The particle 
density n(r,t) is expressed as 

_ f°° — — — 

n(r,t)= f(r,v,t) dv 

J — OO 

where d v represents the volume element in the velocity space. When 
the function is normalized, it is represented by /(r, v , t) and we have 

/ /(r, v,t) du= 1 

J —OO 

Thus, the function can be expressed as 

f{r,v,t) = n(r , t) f{ r , v , t) 

9.1.1 Maxwellian distribution function 

As we know, the normalized Maxwellian distribution function for a gas 
at temperature T is 

= ) 3/2exp (-^ 2 /^) 

where 

v ~ ( u x + v l + v 2 z ) 1/2 and v th = (2 KT/m) 1/2 

It plays an important role for the neutral classical gases. The volume 
element in the velocity space is 47n; 2 dt> (here we assume spherically 
symmetric distribution in the velocity space) and thus, we have 

Jo •M'') 4 ™ 2 *' = ( 2 J^rf'Jo ex P(-' ,2 A&) 4 ™ 2 = 1 

It can be verified in the following manner. Let v = u^x 1 / 2 , and therefore, 
du = (v t h/ 2)x“ 1/2 dx. Then we have 

/ 771 \3/2 r°° 

1 = \2^Kf) Jo eXpt ~ V ' /v ‘^ 4m2 dt> 
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= 47T^ 

m ^ 

3/21 roo 2 

27tKT/ 

2 io VthX 

= 27T ( 

■ m > 

,3/2 _ roo 

<2nKT' 

1 P (- I)dl 

= 27T 

( m 
V2ttKT 

\3/2 /2KT \ 3/2 

J hr) r < 3 /2) = i 


<tc 


9.1.2 Average velocity 

For the normalized Maxwellian distribution function t < \ 
locity of the particles is * fm[v) ’ avera 8 e 

TOO 

(v) = / vf m (v)AltV 2 <iv = 47 t(—, 2,2 

JO \2«KT> io 11 *M-^/vl)Av 

Let v = v th x'l 2 , and therefore, dt> = (« t(l /2)i-i/2 dl . Then we 

(v) - 4 ~( 2 ^ 7 -) 2 J u v th x3l2 ^p(-x) v th x~ l/2 dx 

_„( m ,3/2 4 roo 

■ Imt) io 1 “PC- 1 ) dl 


9.1.3 Root mean square velocity 

For the normalized Maxwellian distribution function f m (v). root mean 
square velocity v rms of particles is 

v rms = f Q v 2 f m (v)4nv 2 dv = 4?r ( 27 tA:T , ) 3/ X yA exp ^ _t ’ 2 / u ‘ h ^ dv 
Let v = v t hx 1 / 2 , and therefore, du = (v t h/2)x~ l ^ 2 dx. Then we have 

= H^hf) 3,2 \i v ‘ i ‘ x ' ,l2Az 

(— x) dx 


j 8 KT\ 1/2 


v. 


rms 


2-kKT> 


<2nKT > 

= 2x(-^') 3/2 (—) 5/2 r(5/2) = 
V2t xKT) V m / 


3KT 

m 
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Thus, 


3KT\i/2 


V r 


= (—) 


V m t 


9.1.4 Average of a velocity component |i> x | 

For the normalized Maxwellian distribution function f m (v), average of 
x-component of velocity |u x | of the particles is 1 

/ oo roc roc _ ¥ 

/ / \v x \f m {v) dv x dv y dv 2 

-oo J —oo J — oo 

= (^St y , 2 J-oJ-oJ-J Vx \ exp [ _ + ^ + ^)/ v ?/»] dv xdu v dv, 

= ^ 2nKT y /2 J-J Vx ^ exp (~ v */ v * h ) dv * J_* x v(- V y/ V th)dvy 

/ OO 

exp{-v 2 /v 2 h )dv z 

-OO 

Now, one of the integrals is 

/ oo roc 

exp(-vj/t&) dv y = 2 exp(—v 2 /v 2 h ) dv y 

-oo J 0 

Here, we used the property that the integrand is symmetric in v y . Let 
Vy = v t hX 1 / 2 , and therefore, dv y — (v t h/ 2)x _1 / 2 dx. Then we have 

/i = 2 - / exp(-x) v th x~ l/2 dx = v th / x _1/2 exp(-x) dx 
2 Jo Jo 

= (?^) ,/2 r(i/ 2 ) = ( 2 -^) ,/2 

V m / V m f 


Similarly, we have 


f°° , 9,2, , /27tXT\1/2 

h= eM-v z /v? h ) dv z = (——) 
J-oo ' m / 


Now, the remaining integral is 

m \ 3/2 /-oo 


/ Tfl \ 3/2 2 / 2 \ i 

73 = 2 \2kKt) Jo dVa 


Volume element in the Cartesian coordinates of velocity space is dv = dv* dv y du* 
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lise d the property that because of L i fV> . 

VV . e v . Let v x = v lh x x ' 2 , and therefore^ 6 mtegrand is 8 ym- 

. lfl 1 2 * 


IT^ 


trie 


, ^ have 
fla’ 11 * 


dv * = (%/2)*-i/2 dr> 

/ m \*/n r» 

3- 2 (^Kf) 2 Jo™ , G M-x)v thX -i 

/ m \3/2 2 /•<*> 

-(s*f) i, exp( - x > i* 


/ m \3/2/2 KT\ / Tn 

0n substituting the values of the integrals / 2 . we have 

( -27rKry/2/27rATy/2/__m_y/2 . 2ifr l/2 
(M'l m > t m ) l 2 jr 3 KT ) = 

9 1.5 Average of velocity component v x 

For the normalized Maxwellian distribution function f m (v), average of 
/-component of velocity v x of the particles is 

/ roc roc roc 

v x fm^v 2 dv = / / / v x f m dv x dv y dv z 

J-oc J — 00 J -00 

= f [ f v x exp(-(vl + vl + v 2 z )/v} h )dv x dv y dv z = 0 

J-oc J-oc J-oc x 7 

Here, we used the fact that the integrand is an odd function of v x . 

9.1.6 Equations of kinetic theory 

The Maxwellian distribution function f(r , v , t) satisfies the Boltzmann 


. 1/2 


equation 


df ^ ^ f F 67 _ /oj\ 

-Q t + V ' V /+ -■-J= - 


F df /df' 


m dv K dt'c 


(9.1) 


where F is the force acting on the particle and (df /dt) c the time rate 
of change of / due to collisions. The V is usual gradient 

d „ d . d A 
V S + 3/ + Wz Z 
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and {d/dv) or V- is 



d .d . d . d A 
^"~dv~ dv x X+ dv y V + du 2 2 

Remembering that / is a function of seven independent variables 
2 , v y , v 2 , f), total derivative of / can be expressed as 



d/ = d[ df dx df_ d y df dz d/ du x <9/ du y d/ dv z 

dt dt dx d t dy d t dz d t dv x dt dv y d t dv z (9.2) 


Here, df /dt is the explicit dependence on time. The next three term 
can be written as 


dfdx dfdy df dz /dx dy dz /df „ df Qt 
didi + d~ydi + d~zdt~ y~di X+ Tt V+ di Z ) \di X+ tyy+f z i) 


= v .V/ 


The last three terms in equation (9.2) can be expressed as 

j/ dur 3/ du y d£ du 2 / df_ j/ . df x 
5u x dt du y dt dv z dt \du x X + y + ^ 2 )' 


'du x 

^ dt 


x + 


du, 


„ du 

~dt V+ ~dt 


au 2 \ 
dt Z ) 


Using the Newton’s second law 


df dv 
dv dt 


F _ dv 
m dt 


we finally get 


df a/ 

d 7 = dt +v 


m q v 


(9.3) 


From equations (9.1) and (9.3), the Boltzmann equation can be ex- 
pressed as 


V = (Sf\ 

dt \dtK 

The total derivative d//dt can be interpreted as the rate of change as 
seen in a frame moving with the particles. The Boltzmann equation 
(9.1) simply says that d//dt is zero unless there are collisions. 
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j 7 Vlasov equation 

When the plasma is sufficiently hot, there are no neutral , 
the collisions between the charged particles can be neglectJV 
the force F is entirely electromagnetic. Then, equation (9 1)^ J”' 


sp ( 


iecial form 


| + ?.v/ + i(i + 7x 


5 ) 


d^j 


= 0 


u u 

This equation is known as the Vlasov equation. Being simpler than 
other equations, this equation has been most commonly used in the 
kinetic theory. 


9.2 Plasma oscillations and Landau damping 

Here, we shall use Vlasov equation for deriving the dispersion relation 
for electron plasma oscillations. In equilibrium, we assume a uniform 
plasma with a distribution function /o(u), and we take Bo=Eo= 0. Let 
the perturbation in the distribution function f(r, v,t) be denoted by 
fi(r,v,t) so that 

f(r,v,t) = fo(v) + fi(7 ,v ,t) 


The Vlasov equation is 


df 

dt + v 


•V/+ —( E+ v x b).—L = 0 
mV ) q v 


The velocity v being an independent variable need not be linearized. For 
linearisation, let us separate the variable parameters into two parts: (i) 
an equilibrium part, indicated by a subscript 0 and (ii) the perturbation 
part, indicated by a subscript 1. Then Vlasov equation for hot plasma 
can be written as 

d Q 

s(/o + h)+v ,V(/o + /,) [(Eo +£,)+» X Bo l--=(/o + /i) = 0 
Ul m e l J a v 

The equilibrium quantities do not depend on time as well as on the 
space. They however depend on velocity. This equation reduces to 


d_h 

dt 


+ v.Vh - — Ei .^4=0 

m e dv 


(9.4) 
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We assume that the ions being massive are fixed and the electron wav es 
are plane waves in the x direction 


/i oc exp[z(fcx — u;£)] 
equation (9.4) can be expressed as 


-iufi + ikv x f\ = — E x ^ 
m e dv x 


r _ i e Exdft)/ dv x 

m e ( u-Jcv^) ( 9 - 5 ) 


Here, we have taken v= v x i + v y j + v z k and E\ = E x i + E y j + E z k. Since 
the electron oscillations are high-frequency plasma oscillations, we must 
use Poisson equation 

coV. E= e(rn - n e ) 

where n 2 and n e are densities of ions and electrons, respectively, and e 
the charge of electron. Linearisation of Poisson equation gives 


e oV. E 1= —eri\ 


e 0 V.(£ 0 + Ei) = e |n 0 - (n 0 -I- m)] 

For the plane waves in the x direction, this equation reduces to 

ike^Ex = —en\ = —e JJJ fi dv x dv y dv z 

Using equation (9.5) in (9.6), we get 

ike 0 E x = ~e JJJ ieE * d M 9v 

Since E x / 0, we have 


(9.6) 


— kv x ) 


dv x dv y dv z 


1 = - 


km e e 0 


Jir£ 


dfo/dv. 


kv r 


dv x dv y dv z 


Divide and multiply right side of this equation by n 0 to replace /„ by a 
normalized function. Then we have 

i = _ u £ r r r /*>«, 

k J-oj-oj-oo U> - kv~ ^ &Vy dVz ^ 

where u> p = y/n 0 e 2 /m e eo is the plasma frequency. When f 0 is the nor¬ 
malized Maxwellian distribution function 

- / m e \ 3/2 

/o = l2 Her.) “Pl-(»2 + ^ + ^)/t4l 
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oxp rei 


■ssed as 


y* The funct 


ion can be 


fo - f*(v x )f y (v y )f g ( Vg ) 


i-here 


fx(v i) — 1 

f W e > 

1/2 

^2tt KT e J 

1 eX P(~^/4) 

fy( v y ) = 

/ m e n 

,1/2 

\2nKT e , 

) e M~vl/vl) 

II 

N 

( w e > 

,1/2 

\27rKf e , 


Now, equation (9.7) can be written as 

>2 r oo 


1 = 

We have 


= -jf ««.)<•». dt , 

KJ-oo J -oo V-oo W-Jfeu x 


[ fy( v y)dv y — ( 

00 ' 


m e \l/2r<x> 


f fz{v z )dv z = ( 
J-oo ' 


2t tKT 
m e \ 1/2 


2t tKT 

Thus, equation (9.8) reduces to 


n oo 

dv y = 1 

"OO 

n oo 

e M-v 2 z /v? h )dv z = 1 

-oo 


i = u| dUM/dv, 

j — OO 


(9.8) 


* 2 J-oo V X - ( W /k) d% 

Since we are now dealing with one-dimensional case, for convenience, we 
can drop the suffix x, and can write 


l = ^p_ f°° df{v)/dv 
k 2 J-ooV — (u/k) 


(9.9) 


This equation has a pole at v = (c o/k) and therefore it requires a spe¬ 
cial treatment. This equation was solved properly by Landau where he 
prescribed a contour as a straight line (Figure 9.2) along the Re(v) with a 




I 


r 
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small semicircle around the pole. In going around the pole, one obtai ns 
2t ri times half the residue there. Then equation (9.9) gives 


Im(v) 



Figure 9.2: Integration contour in the complex v plane. There is a pole on the 
real axis at v = u/k. 


4i p H 


00 df{v)/dv . df(v) 1 

/ ... dv + in —— 

-OO V — (u >/k) OV t»=(ta»/fc)J 


(9.10) 


where P stands for the Cauchy principle value, which is generally taken 
equal to one. This is the dispersion relation. In order to evaluate this, we 
integrate along the real v axis but stop just before the pole. If the phase 
velocity v# = u/k is sufficiently high, there will not be much contribution 
from the neglected part of the contour, as both / and df /dv are very 
small there. The integral in (9.10) can be evaluated as 


dfjv) du _ / 

> dv v-v# U - v# 


1 o° _ T 00 -/ dv _ r°° f dv 
J-00 J-ooiv-V^) 2 J-oc{v ~ V4) 2 


The value of / tends to zero at v = ±oc. This is just an average 
of (v - v^y 2 over the distribution. Since v$ » v , we can expand 
(v - v^y 2 as 


(»-«♦)-’=^- 2 (' - fr = ^ + 3 4 + K +••■) 

v V v v <t> v* V* ) 

On taking the average, the odd terms vanish and we 


> - v<>y 


Remembering the v is v x , we have 




1 z o \ 1 

2 ™'( v )=2 
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we 


have 


((.-VO+ ^)-£(i+ *«?•) 

m e V (l > 7 n; 2 ' u; 2 m e / 

Hence, the real part of equation (9.10) is 

k 2 /•. o KT e \ 2 ,r,m 


P ' 9 

F m e 


When the thermal correction is small, we may replace u; 2 by J 2 in the 
second term and obtain 


. 3 KT e 9 

w + -—£ k 2 

m P 


2 2 
» — 

J V 


In evaluating small terms, we can neglect the thermal corrections and 
it would not affect the result significantly. Equation (9.9) can therefore 
be written as 


1 = ^ fl + 3KT e fc2 l + 9f{v) 

uj 2 L m e tv 2 J k 2 dv 


t’=U<j> 


1 - 


ur 


nru^ df{v) 
k 2 dv 

(»- 


= ^[l + — ' e f 1 

u> z i- m„ui J 


3 KT e k 2 


m e u 2 


) =u 2r 1 + W, 

; \v=v*/ ^ L m e u;“ J 


it 2 dv 


U = u. 


U) 


1 + 3KTJ^_ y/2 / _ vK'Jp dfjv) I y 
m e u> 2 J V k 2 dv lv=tv 

=w r 1 + ^!i'/ 2 ( 1 + ^?M| ) 

L m e uj£ J V 2/r dv v=v 0 / 


(9.11) 


Remember that /(n) here is one-dimensional Maxwellian distribution 
function 

t( v / m e \ 1/2 

/(*>) = (; 


V2ttAT 

d /(n) __2n 

dv 

df{v) 


r-K-i) 


ch; 


2 v^ ( v l\ 

v=v t> tfh.'ft ^ V th 
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Thus, equation (9.11) gives 



UJ = OOtj 


1 + 


3KT e k 2 -]i/2 


*T /3 7i ( Vj- 


m e oj$ 

Then the damping is 


2 

r 

th‘ 


Im(w)= -psd 1+ 


V5rw?r, 3AT e A; 2 ii/2 


th 
y/nu 3 


m e uj% 


v<p exp 


(-D 


V^ P r 3KT e k 2 i 1/2 uj , x 

^ 2 <4 L J A: GXP V 


■Ao| 


1 + 


V 

3KTek? 
trie cu 2 


exp 


_ + (3A'7;/m e )^ 2 . 


i 


r~( w p \ 3 r, 3KT e k 2 -\ / cu 2 \ 0 

t +_ s^] exp (~P^) ex p(-5) 

3KT e k 2 -[ 


= -°- 22 ^) t 1+ 


m e u; 2 


exp 


( 2A: 2 A 2 ) ) 


where A D is the Debye length. 2 As Im(w) is negative, there is a collision¬ 
less damping of plasma waves. This is known as the Landau damping. 

When A;A d is small, the damping is very small, but it becomes important 
when kXc is of the order of unity. 


9.3 Ion Landau damping 


Here, we shall use Vlasov equation to derive the dispersion relation for 
ion oscillations. In equilibrium, we assume a uniform plasma with a 
distribution function f 0 (v), and we take.S 0 = So = 0. Let the pertur¬ 
bation in the distribution function f{r,v,t) be denoted by h{7,v,t) 
so that 

f( r i v it) = fo( v ) + /i(r, v,t) 

2 We have 

'A _ rcoe 2 m e _ 1 / n oe 2 \ i 
v th m e £o 2 kT e 2 veo^Te/ 2A|> 
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Vlasov equation is 


¥ + 7 ' V/+ m(^ + " *B).|Uo 

ov 

Here, v being an independent variable need not to be linearized. For 
linearisation, let us separate the variable parameters into two parts: (i) 
an equilibrium part, indicated by a subscript 0 and (ii) the perturbation 
part, indicated by a subscript 1. Then Vlasov equation for hot plasma 
can be written as 

4(/o + h)+ v -V(/o + /i) +—((Eo + E\)+v xBo ).A(/o + /i) = 0 
or i / q v 

The equilibrium quantities do not depend on time as well as on the 
space. They however depend on velocity. This equation reduces to 


^+?.v/i + —E, .^4=0 

dt mi q v 

We assume that ion waves are plane waves in the x direction 


(9.12) 


f\ oc exp[i(/cx — u >t)\ 


equation (9.12) can be expressed as 

-iufi + ikv x f\ = - — E x ~- 

m l ov x 


ieExdfo/dvx 
rrii(u - kv x ) 


(9.13) 


Motion of electrons parallel to B is the same as in absence of B For the 
electric field E = -V0 = -V(0 O + </>i) = -V0i, the density of massless 
electrons is 3 

( e<f>\ \ 

n e = n = n 0 exp^-^rJ 


+ kt) 


Thus, 


u — tiq = no 


ni = no Zgr (914) 


3 Mass of an electron may be considered as negligible in comparison to that of 
proton 
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The relation £ = -V</> 1 gives 

E x = -ik4>\ 

From equations (9.14) and (9.15), we have 

^=- ik> SjII f,dviivsdv ‘ 

Using equation (9.13) in (9.16), we get 

E = - ik *h dwtvh, 

E* no e J J J rrii(u> - kvx) 

Since E x ± 0. we have 

kKT e f f f dfQ/dv a 


(9.15) 


(9.16) 


1 = 


TtQTTii 


! [ f f dv,dv y dV' 

i J J J m k v x 


Division and multiplication by n 0 on the right side of this equation 
replaces f 0 by a normalized function and we have 

kKT e r °°. f°° * f^dfo/dv. 


1 = 


* r*> F 4 * ** (917) 

mi J -oc J -oo J-ocU KV x 

When /o is the Maxwellian distribution function 

fo = ( 2 VRr) V2exp ^ “ + + 

where v t h = (2KT l /m l ) l/2 is the thermal velocity, it can be expressed 
as 

/o = fx(Vx')fy(Vy)fz(Vz') 

where 


fl{ V X) — 1 

f m t > 

| 1/2 exp(-^/u^) 

\2irKTiJ 

fy( v y ) = 

( m > 

) 1/2 exp(—v^/u t \) 

\2nKTi' 

/*(«*) = 

/ rrii ' 

) 1/2 exp {-vl/v^h) 

V27riCT; 


Now, equation (9.17) can be written as 
kKT ( 


1 = 


- [°°hM *>, f° f,M <H f°° do, (9.18) 

TYli 7—00 7—oo 7 —00 ^ KV X 
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thus, equation (9.18) reduces to 

1= 5f d fx{v x )/Q Vx 

J-oo dy x 


Since we are now dealing with one-dimensional case for 

can drop the suffix x. and can write convenience, we 


1 = **k rdm/dv } 

m i J-ocV - (u/k) ^ (9.19) 

This equation has a pole at t; = (a j/k) and therefore needs a special 
treatment. Tins equation was solved properly by Landau where he prP 
scribed a contour as a straight line (Figure 2) along the R e (,) with a 
small semicircle around the pole. In going around the pole, one obtain! 
2ni times half the residue there. Then equation (9.19) gives 


1 = \p r 

ntj <- J —oc v ( ui/k ) 


dv + Z7T 


df{v) 

dv 


«=(«/*)■ 


(9.20) 


where P stands for the Cauchy principle value, which is generally taken 
equal to one. This is the dispersion relation. In order to evaluate this, we 
integrate along the real v axis but stop just before the pole. If the phase 
velocity v# = u/k is sufficiently high, there will not be much contribution 
from the neglected part of the contour, as both / and df/dv are very- 
small there. The integral in (9.20) can be evaluated as 


rmv) dv 

1 f 1 

oo r°° —fdv 

r x f de 

~~oc dv V — Vfj, 

\-v - 

— oo J-oo{v J 

1 

8^ 

"5" 

i 

to 


The value of / tends to zero at v = ±oo. This is just an average 

°f (v — vq) 2 over the distribution. Since v# » v, we can ex P and 
(u-u*)- 2 


as 


a"-;■('* M-‘f ■> 
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On taking the average, the odd terms vanish and we have 




) 


Remembering the v is v x , we have 


Therefore, 


\ rn(v 2 ) = \ KTi 


1 n\ y, IKTiS k? / fc 2 3ATn 

(i v ~ v 4>) ) ~ v <t> v 1 + mi t;2 ) W 2 w 2 mi / 


Hence, the real part of equation (9.20) is 

KTJ? , 3fe 2 XTn 

raja ; 2 v o; 2 m,- / 


q; 2 _ ( ZKTJPKTj 

k 2 m 2 - rriiUJ 2 mi 


When the thermal correction is small, we may replace co 2 /k 2 by KT e /mi 
in the second term and obtain 


u 2 _ KT e + 3 KTi 

k 2 ~ 


w / KT e + 3KTi\V2 


mi 


~ = ( 
k \ 


mi 


In evaluating small terms, we can neglect the thermal corrections 
and it would not affect the result significantly. The equation (9.20) can 
therefore be written as 


1 _ k 2 (KT e + 3KTj) | mKT e dfjv) 


u 2 mi 


mi dv 


V=V,j, 


_ mKTe dfjv) _ k 2 (KT e + 3 KTi) 


v=v$ 


rriiU) 2 


u> 


u> 


mi dv 

/ _ mKTe df(v) \ _ k 2 (KT e + 3 KTi) 

V m { dv v= v<t> ) mi 

= k( KTe + 3KTi ) 1/2 (l - d f^ v—1/2 

^ mi J \ m { dv v= v J 

-^ KTe + SKT^ ift, mKT^dfjv) v 

^ / V 2m* dv v= v J 


(9.21) 
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Here, /(») is one-dimensional Maxwellian distribution function 

f{v) = ex p( - £) 

th 

9/( o)__Jr 2u \ , „2 




2u 




exp 


(~i> 


dfjv) 

dv 


_ _ 2v 4> ( ^l\ 

v=v * v th\^ GXP ^ v 2 tl ) 


Thus, equation (9.21) gives 

* = fc( KTe + 3KTt ) 1/2 (l exp( - V h) 

v mi > V 2 mi f V v * h )) 

Then the damping is 

ypHk (KT e + 3XTi\i/2 KT e , v 2 ^ 

lm(lJ ) = __^ —_— ) 

-v/7rfc /KT e 4- 3KTj \ KT e / 
v? h \ mi / mi 6XP v 2 KTi 


KT e + 3/CTj^ 


= _^ ( ^±^)^ex P (-^)exp(-3/2) 
Uth V 2 KTi ' m ' 27;/ 


y/tkf T' + STi ^KTe 7^x 

2 TJ 


= -0.22 11 ( - 1 ] -— 1 exp( 

n t/l V 2Tj / mi 


As Im(u>) is negative, there is a collision-less damping of ion waves. 
This is known as the Landau ion damping. When T e > T t , Landau ion 
damping is very small. But, when T e < T», Landau ion damping is quite 
significant. 

9.3.1 Kinetic effects in a magnetic field 

When the magnetic field Bo or the oscillating magnetic field Bi is finite. 
The Vlasov equation is 


d l 

dt 


+ 7 . V/+ l(£ + VxB).g-° 
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For linearisation, let us separate the variable parameters into two parts: 
(i) an equilibrium part, indicated by a subscript 0 and (ii) the pertur¬ 
bation part, indicated by a subscript 1. With Eo = 0, Vlasov equation 
for hot plasma can be written as 


qt(/o + /i)+ v -V(/o + /i) + — Ei +v x(Bo + /i) = 0 

Ot m l J An 


Q_ 

m 


dv 


dfi 

dt 


v 


•V/! + ± 
m 


( V X Bo ). 


Oh 

d v 


= - — (Ei + vx 
m v 



dfo 

d^v 


The particles moving along Bo still show Landau damping when u>/k % 
v t h- For the velocity component v± perpendicular to Bo-, two new kinetic 
effects appear: (i) cyclotron harmonics, leading to oscillations, known 
as the Bernstein waves and (ii) cyclotron damping . 


9.3.2 Cyclotron harmonics (Bernstein waves) 

Harmonics of the cyclotron frequency are generated when the particles 
circular Larmor orbits are distorted by the wave fields Ei and Bi- In or¬ 
der to understand the process of production of harmonics, let us consider 
motion of particles in an electric field 


E= E x e i(fcx_u;t) i 

Equation of motion of the particle is 


dv _ — 

m — = q[E + v x B] 

(9.22) 

Here, we use the Cartesian coordinates. Let us take B 
is magnitude of the field. For the velocity 

= Bk, where B 

’ ► A A A 

v = v x i + v y j -t- v z k 

(9.23) 

we have 


v x B= v y Bi — v x Bj 

(9.24) 

Using equations (9.23) and (9.24) in (9.22) and equating the coefficients 
of i and j on the two sides of the resulting equation, we get 

m v x = qE x e i( - kx ut) + q Bv y 

(9-25) 
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m 


y y = —qBv x 


(9.26) 


*l>«e » dot on a quantity represents its differentiation with respect to 
time t. Integration of equation (9.26) gives P 


Vy = ~ 


qB 

m 


■x 


(9.28) 


(9.27) 

wh ere constant of integration is taken zero. Using equation (9 27) in 
(9.25) we get 

. _ 9 r i(fcx-wt) _ (QB 2 -90 

Vx ~ m Ex V m ) x +UJ cX = ~E X eUte-ut) 

m 

where u c = \q\B/m is the cyclotron frequency. As an approximation, 
let us take x as the undisturbed orbit x = r L sin(u; c *) so that 

X +OO^X = — E x e l ( kr LS\nu r t-ujt) 
m 

The generating function for the Bessel function J n (z) is 

OO 

e*(t-i/0/2 = £ t « 

n=—oo 

Putting z = kri and t = exp(iu; c t), we get 

OO 

Q ikr L sin w c t = £ J n (fcr L ) e inWct 
n= — oo 

Using equation (9.29) in (9.28), we have 

OO 

+u >lx=±E x >' 


(9.29) 


x 


m 


This equation has the following solution which can be verified by direct 
substitution 


x = — E x 
m 


u»? - (u >- nw c ) 2 


n=—oc 


This obviously shows that the motion has frequency components dif¬ 
fering from the driving frequency oo by multiples of u c and the ampli¬ 
tude of these components are proportional to J n {krL ,)/[^c — (^ nuJ c) ]• 
There is singularity when oo — noo c = +oo c or u — (n + lVc) where 
n = 0, ±1, ±2,.... This singularity occurs when the field E OM) res¬ 
onates with any of the harmonic of u) c - 

The electrostatic waves propagating at right angles to the magnetic 
field Bo at the frequencies which are harmonics of the cyclotron fre¬ 
quency are known as Bernstein waves. 
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9.3.3 Cyclotron damping 

When a particle moving along Bo in a wave with finite k 2 , the particle 
sees a Doppler shifted frequency u - k z v z . When this frequency is equal 
to ±nu c , it is subject to continuous acceleration by the electric field 
E± of the wave. Those particles with the right phase relative to 
will gain energy whereas those with the 'wrong phase will lose energy 
Since the change in energy is the force multiplied by the distance the 
accelerated particles gain more energy per unit time than those decel¬ 
erated particles lose. There is a net gain of energy by the particles on 
the average, at the expense of the wave energy, and therefore, the wave 
is damped. This mechanism of damping is different from the Landau 
damping as the energy gained is in the direction perpendicular to B 0 and 

thus perpendicular to the velocity component that brings the particle 
into resonance. 


9.4 Problems and questions 


1. For a Maxwellian distribution function, obtain average velocity 
root mean square velocity, average of velocity component |„J, and 
average of velocity component v x . 

2 ' D from1t ab ° Ut “‘ e B0 ‘ tZmann eqUati ° n and d6rive " uid «*»*» 


3. Discuss about the Landau damping for electron waves. 

4. Discuss about the Landau damping for io „ waves. 

5. Write short notes on the following 

(i) Vlasov equation 

(ii) Landau damping 

(iii) Bernstein waves 
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Non-linear Effects 


Till now 
as we 


we have limited our discussion exclusively to linear phenomena, 
used the process of linearisation. As long as the wave amplitude is 


rjtj vvv/ *■— 

mall enough, the linear equations are valid. In many experiments, waves 
no longer be described through a linear theory by the time they are 
bserved For example, according to linear theory, the amplitude of drift 
aves increases exponentially and the drift waves become unstable. 

A wave can undergo a number of changes when its amplitude gets 
large It may change its shape, say from a sine wave to lopsided tri¬ 
angular waveform. This is equivalent to say that Fourier components 
at other frequencies (or wave numbers) are generated. The nonlinear 
phenomena can be grouped into three broad categories: 


(i) Basically non-linearizable problems 

(ii) Wave-particle interactions 

(iii) Wave-wave interactions 

Although the problems remain to solve in the linear theory of waves 
and instabilities, the research in plasma is being carried out in the area 
of nonlinear phenomena. In this chapter we shall discuss about the 

nonlinear effects. 


10.1 Sheaths 

10.1.1 Necessity for sheaths 

In the laboratories, plasma is contained in a vacuum chamber of 
size. Walls of the chamber are generally cold relative to the plas 
Let us see what happens to the plasma at the walls. For simp y? 
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we consider one-dimensional case with no magnetic field (Figure 10.1). I n 
equilibrium, the plasma has no appreciable electric field and we can take 
potential 0 to be zero in the plasma. When an electron or a positive 
ion hits a wall of the container, it recombines there with the opposite 
charge and is lost. The electrons having much higher thermal velocities 
than those of the ions, hit the wall faster and leave the plasma with a 
net positive charge. Consequently, the potential of the plasma must be 
higher than that of the wall. That is, the potential <t> w of the wall is 
negative. Because of Debye shielding, the potential variation near the 
wall is within a layer of the order of several Debye lengths in thickness. 
Such a layer must exist on all cold walls of the chamber containing the 
plasma. This layer near a wall of the container is known as a sheath. 


4 > 




Figure 10.1: The plasma potential 0 forms sheaths near the walls and electrons 
are reflected. The Coulomb barrier e<f> w adjusts itself in such a way that equal 
numbers of ions and electrons reach the walls per second. 


The function of a sheath is obviously to form a potential barrier so 
that the electrons are confined in the plasma electrostatically. Now, the 
ions feel encouraged to go to the wall. On recombination of an ion at the 
wall, the potential | <f) w \ decreases and the situation favours the motion 
of electrons. Finally, an equilibrium reaches and the Coulomb barrier 
e(f) w adjusts itself so that equal number of electrons and ions reach the 
wall per second. 
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2 planar sheath equation 

10 Un " d h beh T°T,t ^ in the 8heath - Fi ^ re >02 shows 
Ration »ear one of the walk of the chamber. Let at x = 0, ions enter 

the sheath region from the mam plasma with a drift velocity u 0 . For 

si nipl' city ' let “ S 388111116 Ti ~ ° 80 the 311 the ions have *e velocity u 0 
at , = 0. Let the sheath regmn is collision-less and in the steady state 

Suppose the potential «(i) decreases monotonically with x. If u (x) is 

the ion velocity, then the conservation of energy gives 

1 OTi«0 + 0 = \ m i U W 2 + e< H X ) U(X) = («g - Mf)y /2 (1Q1) 

2 TTh} 



Figure 10.2: Potential (j) in a planar sheath. Cold ions enter the sheath with a 
uniform velocity u 0 at x = 0. 


If no is density of ions in the main plasma, in the steady state, the 
equation of continuity gives 1 

no^o 


nowo = rii(x)u(x) 

Using equation (10.1) in (10.2), we have 


n,(x ) = 


u{x) 


2e<p(x)-\- 1 / 2 


r 2 2e0(x)i-i/ 2 _ r. _ 

n i{x) = n 0 u 0 jug-— J -no[l m , u 2 J 


] The equation of continuity 


U+V. (nv) = 0 
or 


reduces to V. (nv) = 0 in the steady state. That is, nv 


( 10 . 2 ) 


(10.3) 
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In steady state, the electrons follow the Boltzmann relation 


n e (x) = no exp 


■e<f>(x)- 


The Poisson equation is 


cqV. E= e(rii — n e ) 


(10.4) 


For E— — V0, we have for one-dimensional case 


d 2 0 f , 

_ °dx2 = e ( n * “ Ue > 

Using equations (10.3) and (10.4) in (10.5), we get 
d 2 0 


(10.5) 


a <P \( 2e<p \ —1/2 / ed> m 

-e„ S5 =en„[( 1 -_- I ) - exp(^)] 

Let us define new variables 

= JL = r(^i-V ' 2 
A D '(qKtJ 


(10.6) 


ed> 

u =-— 

KT P 


m = 


Uq 


(KT e /m,)'/* 


so that 


0 = 


KT e 


■u 


v noe^ / 


From these relations, we have 


d 2 0 noe d 2 u 


da: 2 


eo dz 2 


Equation (10.6) gives 


, n oed 2 u u 2KT e u\ - 1/2 
eo 17d? = “°K 1 + ^3-) -«P(-«)] 


d 2 u 

dz 2 


/, 2 tt \ —1/2 
= ( 1 + ^) - e ~“ 


(10.7) 


This is non-linear equation for a plane sheath. 
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0 X.3 Bohm sheath criterion 

(10.7) can be integrated by multip lying both ^ ^ 


o dz 


f^^d2= T (l + ^.r'^dn fz 
J 0 d z 2 dz J o ' m' 2 ) <\z ~ e u 

L-2 d(w2= r( i+ 5)' i/2 d “-/V“ 

^© 2 -(S:j-k>^) i/ 2 -ii + 


sides by du/d; 


1 r/dw\ 2 - ( r -~V 2 

2 IW W* 


+ e~ u - 1 


where we have used u = 0 at * = 0. When E = 0 in the plasma, we 
have (d$/dx), i.e., (du/dz) equal to zero at z = () and therefore 
1 / du \ 2 /o r / 2 tx \i/2 1 

2y =m l( 1+ ^) - 1 ] + e-“ - 1 (10.8) 

Integration of equation (10.8) can be done numerically. The right side 
of equation (10.8) must be positive for all values of u. Thus, we have 

KIO+S )*- 1 

In particular, for u « 1, we have 


(m ,2 [l + 


u 1 u 2 

m' 2 2 m /4 


...-lj+l-u+^u 2 + ...-l)j 


r 1 u 2 
i U_ 2 n/ 1 


a + b a 2 )} ) 0 




(10.9) 


m 12 > 1 or no > (KTJm,)' 17 (10.9) 

This inequality is known as the Bohm sheath criterion. It shows that ions 
must enter the sheath region with a velocity greater than the acoustic 
velocity v s . 

10.1.4 Child-Langmuir law 

As the potential (f> is negative, the n e (z) falls exponentially. ’ ' 

the region of large z (i.e., close to the wall), the electron densi y 
neglected and u is large. Consequently, equation (10.7) gi 


d 2 u / 2 u \ -i/2 m 

* 0 + wd ~ 


( 10 . 10 ) 
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Multiplying both sides of equation (10.10) by du/dz and integrating 
over the limit from z s to z (where ^ is the place from where we start 
neglecting electron density), we get 

f z d 2 u du f z m> du j 

Jz. d? dz dz “ Jzn (2u) 1/2 dz 


£j dWd2)2 ={(^ d " 

2\-\dz) 'd z/2=zJ ^ ■*“» 


(s) 2 -(s)L= m ' 2 ^[“ ,/2 -“‘ /2 ] 

We can redefine the zero of u so that u s = 0 at z — z s . We can also 
neglect du/dz at z = z a as the slope of the potential curve is expected 
to be much steeper in the electron-free region than at the place where 
neglect of electron density starts. Then we have 
/du\2 

rz wo du a n lo . 


m =m' 2V2u^ 


= ^m'^dz 


Integrating over 2 from z s to z s + (d/X d) = z w , we get 




= 2 3 ' 4 m' 1 ' 2 U 


5k /4 -^ /4 l=2 3/4 m'>/ 2 f 

6 L • J *D 


tui< 4 = 2 3 ' 4 m'‘/ 2 k 


16 o/9 /- . d 2 

-9 k /2 = 


4^2 u 3 / 2 


Substituting back the variables, we get 

_^o___ 4\/2 1 /e\(p w \\3/2e 0 KT e 

(.KT e / mi y / 2 9 

Expressing the ion current J = en 0 u 0 into the wall, we have 

r_ 4 f 2e \ 1/2e o|<M 3/2 

XU)) ~cT~ (10.11) 

This is well known the Child-Langmuir law. Thus, the potential variation 
in the plasma-wall system can be divided into three regions: (i) The 
electron-free region of thickness d, given by equation (10.11), nearest to 
the wall, (ii) The region where potential is not zero and the electron 
density is appreciable. It has the scale length of the Debye length, (iii) 
The pre-sheath region of the main plasma. 
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10.1.5 Electrostatic probes 

The Bohm sheath criterion (l 0 9 ) ca 

of ions to a negatively biased probe™ ^ “ <Stimatio " °f the Bux 
the probe be A and the ions enteric K SUrface «"» of 

“» > (^e/ m> )./ 2 , the „ the a drift velocity 

1 = n ’ eA (KT c / mi )'n 

1 . , (10.12) 

where n, is the plasma density at the 

sufficiently negative (several times KT f **“ Sheath ' “ the P rob « * 
all but the tail of the Maxwellian eWj " ^7 * “* PlaSma to re P eI 
current can be neglected. Let us m " dlstr,buti ®> the electron 
place where , Ml is exactly (KTJm ) iV*p* ^'“b 6(186 t0 be at the 
velocity, the pre-sheath potential W req^Z i0nS t0 


e\(t)\ > — rn ? .2 _ 1 ■“■A e 

m _ m t u 0 = - m .- e 

2 mi 2 


1 _ KT e i 


= « AT e 


Thus, potential of the sheath edge relative to the body of the plasma is 


2 e 


If the electrons follow Maxwellian distribution, we have 


Us n 0 exp (e(j> s /KT e ) = n 0 exp(-l/2) = 0.61n 0 

This number may be rounded to 1/2, and using the expression for n. in 
equation (10.12) we have the saturation ion-current to a negative probe 

Ib = \ n 0 eA(KT e /m t ) 1 / 2 

This I B is sometimes called the Bohm current. Thus, for the known 
temperature, the plasma density can easily be obtained. 


10.2 Ion acoustic shock waves 

A jet traveling faster than the sound creates a shock wave, which is 
basically a nonlinear phenomenon. 
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10.2.1 Soliton 

Idealized potential profile of an ion acoustic shock wave is shown i n 
Figure 10.3. Suppose a wave is traveling to the left with a velocity u 0 . 
An observer in the frame moving with the wave sees a stream of plasma 
colliding from the left on the wave with the velocity uq. For simplicity 
let us assume Tj = 0 so that all ions have the same velocity uq and let 
the electrons have Maxwellian distribution. From the conservation of 
energy, we have 

2 m i u o = 2 m M x ) 2 + e< l>( x )i w ( x ) = ( M o j (10.13) 

Let no be the density in the undisturbed plasma, the ion density in the 
shock from the equation of continuity is 


n 0 uo = rii(x)u(x) 



Figure 10.3: Potential distribution in an ion acoustic shock wave. The wave 
moves to the left, so that in the wave frame ions stream into the wave from the 
left with velocity uq- 


Using equation (10.13), we have 


, V n 0 u 0 / 2 2e0\ -i/2 / 2e<p \ 

n t (x) = —— = tiqUq ( u 0 -1 = n 0 ( 1- 2 ) 

u(x) ' mi / V mtuP 


2 e < f ) \ —1/2 


(10.14) 


In the steady state, the electrons follow the Boltzmann relation 


n e (x) = n 0 ex p(^r) 


(10.15) 
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The Poisson equation is 


f «v. E= e (n, _ 

For E = -V* wo have for one-dimensional case 

(\ 2 <t) 


f 0 


d. T 2 ~ e,n ' - ".) 


Using equations (10.14) and (10.15) in (lo.lf;,. w 


(10.16) 


fo 


we get 
- 1/2 


Let us define new variables 


e<j) 

“ = at, 

so that 


and 


2 = 


= i(-^v /2 

Ven KTJ 


Ad 'e 0 KT e 


m' = 


(10.17) 


«o 

( KT e /m t )V 2 


, KT « 

0 = - U 

e 


* = rj^Zky /2 2 

' n 0 e 2 / 


d 2 0 _ n 0 e d 2 u 
dx 2 ~ l^dz 2 

Here, m' is known as the Mach numiier of the shock, which may be 

defined as the velocity in the units of the acoustic velocity. Equation 
(10.17) gives 




noe d 2 u 


fo 

d 2 u 

d2 2 


a u r / v /, 2AT e ii\-i/2-i 

5 ? =en«[exp(u)-(l- ) ] 


"M»-=) 


2u \ —1/2 


(10.18) 


Equation (10.18) was solved by Sagdeev by defining the right side of 
equation (10.18) as 


u _ /, _ 2m \~V 2 _ dV(ti) 
' m ' 2 > du 

so that equation (10.18) can be expressed as 

d^u _ dVju) 

d 2 2 du 


(10.19) 
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V(u) 



0 


U 


Figure 10.4: Sagdeev potential V(u). The upper arrow shows the trajectory of 
a quasi-particle describing a soliton. It returns after reflection at the right. 
The lower arrows show the motion of a quasi-particle that has lost energy and 
is trapped in the potential well. The bouncing back and forth describes the 
oscillations behind, a shock front. 

where V (u) is sometimes known as the Sagdeev potential. Integration of 
equation (10.19) with the condition V{u) = 0 at u = 0 gives 



For the values of vn! in a certain range variation of V (u) versus u is 


shown in Figure 10.4. Sagdeev used an analogy to an oscillator in a po¬ 
tential well. The displacement x of an oscillator subjected to a force 
-m dV ( x)/dx is 


d 2 x _ dV(a;) 


dt 2 da; 


0 

(or u) 



x (or z) 

Figure 10.5: The potential in a soliton moving to left. 
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this potential well, a particle entering f rom the left side will go to 
. eirlp of the well ix ■> nt ;+ ;-- . 6 


Hit• .“6 uom the left side will go to 

the right side of the well (x > 0), it is reflected back and returns to 
r = 0. making a single transit. Similarly, a quasi-particle in our analogy 
will make a single motion to positive u and returns to u = 0 as shown 
in Figure lO^Such a pulse is known as a 8 „ 1)(on . lt is a potential ^ 

density disturbance propagating to the left in the Figure 5 with velocity 

ixn. 


10.2.2 Critical Mach numbers 

Now , we can look into the range for m' for which the potential shown 
in Figure 4 is obtained. Let us first consider the fact in the region of 
interest, V{u) is a potential well so that 

V(u) < 0 


For u « 1, we have 


0 


1 - (l + u + ^ u 2 + ...')-f nt 2 f: 

l-( 

i- jl_ i 

u 2 

\\ 

V 2 / L 

V 

m! 2 2 

m' 4 

")\ 

1 2 , , 1 u 2 

9 

\r r 

1 1 



“ 2 U + “ + 2 m 1 * ~ °’ 

tI 

~ 1 + -d 

m rz -1 

< 0; 

m 1 


a 


Thus, the lowest value of m' is 1. Let us consider fact that for some 
u > 0, the function V (u) must cross u axis and there we have 


V» > 0 


Because of the square root, the largest value of u can be m 2 /2, and at 
this value of u, we have 

exp(m' 2 /2) -1 < m' 2 or m' < 1.6 

It tells that m 1 is less than 1.6, giving the upper limit for m . Thus, in 
a cold-ion plasma, shock waves exist only for 1 < m < 16. 
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10.2.3 Nonlinear Landau damping 

In the linear theory, we found that for the Landau damping the decay 
was exponential. If the amplitude of the wave is large, it is often found 
that the decay is not exponential, but besides a decay in the beginning, 
it grows again, and then oscillates before setting down to a steady value 
as shown in Figure 10.6. 

Trapping of a particle of velocity v occurs when its energy in the 
wave frame is smaller than the wave potential 

M > \ m e(v ~ V^) 2 

Obviously, small waves will trap these particles moving at high speeds 
near v In order to trap a large number of particles in the main part of 
the distribution (near v = 0) would require 

l#l = 2 m e V l = 2 "p - (10.20) 



Distance x from exciter 

Figure 10. 6 : Typical measurement of amplitude profile of a nonlinear electron 
wave showing nonmonoatomic decay. 

When the wave is so large, its linear behaviour can be expected to be 

modified greatly. Since E = -V0, we have |0| = \E/k\ and the condition 
(10.20) is equivalent to 

E _ 1 m e u) 2 

q k 2 k 2 
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u ) = 



~ UJB 


where 



2 kqE 

m e 


( 10 . 21 ) 


Here, * called the bounce-frequency because it is the frequency of 
^illations of a particle trapped at the bottom of a sinusoidal potential 
well (Figure 10.7). 



Figure 10.7: A trapped particle bounces in the potential well of a wave 


The potential is given by 

0 = 0o(l - cos kx) = 0 O (I k 2 x 2 + ...) 
Equation of simple harmonic motion is 

2 d 2 x d0 

mu x — m — qE — -q — = -qhfo sin (kx) 

When x is small, sin kx kx and we have 



and 0 is approximately parabolic. Then u takes the value ug defined 
by (10.21). When the resonant particles are reflected by the potential, 
they give kinetic energy back to the wave and the amplitude increases. 
When the particles bounce again from the other side, the energy goes 
back into the particles, and the wave is damped. Thus, one would expect 
oscillations in amplitude at the frequency u>b in the wave frame. In 
the laboratory frame, the frequency would be u/ = lob + ^ v <f> an d the 
amplitude oscillations would have wave number k' = u> /v^ = k[ 1 + 
{lob/lo)}. 
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10.3 Problems and questions 

1- Describe sheaths in a plasma and obtain Bohm sheath criterion. 

2. Show that for shock waves in a cold-ion plasma, the Mach number 

can be in between 1 and 1.6. 

3. Write short notes on the following 

(i) Sheaths in a plasma 

(ii) Electrostatic probes 

(iii) Soliton 

(iv) Nonlinear Landau damping 
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Applications 


After II World War, interest in plasma revived due to its possible ap¬ 
plications in the generation of power through the process of fusion in 
thermonuclear reactions. In the preceding chapters, we have discussed 
the principles involved in the working processes of plasma. However, the 
actual problem, that is standing as a main hurdle in the way to achieve 
goal, is the problem of plasma confinement. Though a lot of work has 
been done on this problem, but still the problem is not fully sorted out. 
Further, it is not yet clear how the losses suffered by a confined plasma 
can be minimized due to instabilities which are generally set in. It how¬ 
ever would be possible to derive useful power by thermonuclear fusion 
process. 

Ionosphere plays an important role in propagation of radio waves on 
the surface of the earth from one place to another one. The ionosphere 
has been responsible for long distance radio communications. The radio 
signals sent from the surface of the earth are reflected back by these 
ionized layers (ionosphere) so that the signals are received at another 
place on the surface of the earth. 

11.1 Propagation of radio waves through the iono¬ 
sphere 

Let us try to understand the transmission process of radio waves from 
one place on the surface of earth to another where the ionosphere is used. 
We are aware of the fact that the charge density in the ionosphere is not 
homogeneous. However, when the ionization density does not change 
appreciably over a distance of one wavelength, then the propagation of 
the radio signals can be treated in a way similar to the propagation 
of a ray in the geometrical optics. Let us consider an ionised medium 
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with electron density n. Suppose, an electromagnetic wave, expressed 
as E = Eq sin ut is propagating through the medium. Here, Eq is the 
amplitude and u the angular frequency of the wave. Under the action 
of the electromagnetic field, the electrons will vibrate. Suppose m is 
the mass of an electron then neglecting collisions of electrons with the 
neutral particles, the equation of motion of the electrons is 

du _ . 
m— = eEo s\nu>t 
at 

where v is the velocity in the direction of the field. Thus, we have 


eE 0 . , ^ 
v = -cos ut + C 

TTlUJ 

where C is a constant of integration. When we consider that v = 0 when 
(ot = 7r/2, then C = 0 and we have 


eEo 

mu 


cos ut 


The induction current i c is 


nev ne 2 Eo 

i c =-=-cos ut 

to eo mu 

The displacement current i c is 

dE ^ 

Id = ~T7 = EqU COS Ut 
at 

The total current i is therefore 


i = i c + i d = Equ cos util - 

^ cornu 2 


/ UJ \ 

= Eoucosuti 1 -£ ) 

V u 2 / 

where ui p = ^ne'Vme 0 is known as the plasma frequency. It shows 
that the presence of free electrons reduces the dielectric constant of the 
ionized medium from 1 to 1 - ( w |/ w 2 ). For the free space, the speed of 
light is c and the phase velocity becomes 

(m) 
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The .onosphere » a region of conducting medium where the electron 
density increases gradually with height from the surface of the earth 
Equation (11.1) shows that with the increase of height, the plasma ft* 
quency increases and thus the velocity of wave will gradually increase 
with its propagation in the upward direction. Let us consider a section 
of the wavefront AB incident on the ionised stratum where the electron 
density is gradually increasing (Figure 11.1). As the part A of the wave- 
front is moving in the region of higher electron density, the velocity of 
the part A of the wavefront is larger than that of the part B. Hence, the 
upper portion bends more than the lower one. towards the ground. As 
the wave propagates further in the region of higher electron density, the 
bending goes on increasing further and further, and ultimately proceeds 
downwards. Hence, the ionosphere surrounding the earth will send the 
ladio waves back to the earth, which in absence of the ionosphere would 
have proceeded directly and never returned back to the earth. 


ionosphere:- 



///////////mmmwm 


Figure 11.1: A section of the wave front AB incident on the ionized stratum 
where the electron density is increasing gradually with height from the earth’s 
surface. 

For finding out the condition of reflection quantitatively, we note 
that the refractive index of ionosphere-layer is 

n = - = J\ - K/V 12 ) (11.2) 

u v 

Let us consider Figure 11.2 showing a wave incident on the ionosphere-layer 
where electron density is increasing gradually upwards. Let the angle of 
incidence be i. Then considering that the layers of equal ionization are 
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horizontal and the refractive index of the region just below AB is unity, 

the angle of refraction is • 

sini 

sin r =- 

V 

where /x is the refractive index of the ionized layer at the point of refrac¬ 
tion. The direction of the ray will become horizontal, i.e., the wave will 
be totally reflected when r = n/2 and when /x represents the refractive 
index at the point of reflection then 

sini = n = yf\ - {y}\/ u> 2 ) 



Figure 11.2: A section of wave front AB incidents on the ionized stratum where 
the electron density is gradually increasing in the upward direction. 

When the wave is incident on the ionized layer vertically, then i = 0 and 
the condition of reflection is obtained when jx = 0. Thus, we have 


It is obvious that after knowing the frequency of the radio wave prop¬ 
agating, the electron density n at the particular point at which the 
reflection is taking place can be determined. 

11.1.1 Effect of collision on reflection of radio waves 

Ionosphere is a low density plasma and the free-electron density is of 
the order of 10 12 nr 3 . That is, there is a large number of neutral 
particles and positive ions. Thus, when the electrons are oscillating 
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under the influence of the electromagnetic field of radio waves there 
will be collisions of electrons with neutral particles and positive ions. 
Here, we would like to account for this effect. The equation of motion of 
electron under the action of high frequency electric field when collision 
of electrons with neutral particles axe accounted for is 

du 

m dt + mu>cV = eE ° ^ (11.3) 

where u c is the collision frequency and mw c v is the rate of change of 
momentum. Let us take v = A e^, where A is a constant. For this 
substitution, equation (11.3) gives 


.<4ra(u; c 4- iuj) = eEo 


A = 


eE 0 


m(u> c 4- iu>) 


so that 


v = 


eEn 


TYl{u) c 4" IU ) 

and the conduction current i c is 


i c = 


ne 2 Eo 


e iuJt = 


ne 


Au)t 


d E 


ne 2 u c 


eo m(uj c 4- iu>) eo miu(uj c 4 iu>) dt 

ne 2 (u; c — iu>) d E r ne 2 

eomiuj(u > 2 + u> 2 ) dt I- eom(cj 2 -\-u 2 ) eomu(u 2 + u; 2 )- 

Besides the conduction current, there will be a displacement current. 
When e is the permittivity, the displacement current id is 


id E 
dt 


d E 

' d = ~dT 


Thus, the total current i is 


i — ic 


. _ r_ne 2 _ ne 2 u; c idE 

1(1 L meo(uj 2 4- u 2 ) eomuj(uj 2 +uj 2 ) J dt 

When e' is the effective relative permittivity of the ionosphere then we 

have ^ r 

dE (11.5) 


i = e 


dt 


From equations (11.4) and (11.5), we have 

„2 


c' = 1 - 


ne 


__ _ 2 __ 

com(uj 2 + u> 2 ) eo mu)(u 2 4- u 2 ) 


ne 2 ui c 
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The real part o of conductivity is 


cr = 


ne z u c 


Vpu; c 


£orn{(jj 2 + a; 2 ) a; 2 + lj 2 


and thus, we have 


e =1-z 


( 11 . 6 ) 

Equation (11.6) therefore gives an expression for dielectric constant of 
a partially conducting medium. Thus, we can write 


E = £ 0 eMi-VT'x/c) (n ?) 

Let us put \/? = n - i Xi where the real part // is refractive index and 
the imaginary part y has a significance that will be discussed after a 
while. From equation (11.7), we have 


E = E 0 e iu(t-nx/c) 

The term (wyx/c) thus represents attenuation of the wave and y is the 
absorption per length of path c/u (= A/2tr). Suppose R is the absorption 

per un.t length, we have * = cR/w. Using s' = (p - i x f in equation 
(11.6), we get 

(M-*X) 2 = 1 - —- 

u c u 


M 2 - y 2 - i2^x = 1 - — 


Therefore, we have 


. <T 

z — 


2 2 ■. <7 

/ x — X — 1- and 

u> c 

In a usual case, we have y << n and therefore 



» 2=1 -- = 1 --^T-2 ™ //. = ./i~ _~ / n9 x 

u; 2 + u; 2 ^ V Wc+W 2 n ' 9 ^ 

Comparison of equation (11.9) with (11.2) shows the effect of the colli¬ 
sions. This expression however holds only for a limited range. Detailed 
calculations shows that the true value of n begins to change consider¬ 
ably from that given by this simple expression, as u 2 /(u;2 + w 2) tends 
to unity for small values of u. 
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H 2 Magnetohydrodynamic generator 


The foundation of generation of electric power is based on Faraday’s law 
of electromagnetic induction. This law says that when a conductor is 
moved across a magnetic field, the electromotive force developed across 
its two ends is proportional to d4>/df, where $ is the flux per unit 
area in the magnetic field. That is, for crossing the flux, we have to 
do work. In this process, the mechanical energy of rotor is converted 
into the electrical energy. In a generator, instead of moving conductor 
in a translational direction, the conductor is rotated within the pole 
pieces of the magnet. In a hydroelectric generator, the energy required 
for rotation of the conductor is provided by the potential energy of the 
river water. In a turbine, the rotation is made by the high speed flow of 
steam or fossil fuel. 

Instead of a solid conductor, when a conducting fluid (gas or liquid) 
is allowed to flow through the magnetic field, the system is then known 
as a magnetohydrodynamic generator. Though this idea was suggested 
by Faraday in 1831, but conducting fluid was not available in those days. 
Now, with the development of plasma, a conducting fluid is available and 
the work on generating power by utilizing an ionized gas as a conducting 
fluid is going on in several laboratories world wide. 

11.2.1 Basic theory 

The problem of magnetohydrodynamic power generation can be under¬ 
stood with the help of some known fundamental principles. A stream 
of partially ionized gas, consisting of electrons, positive ions and neu¬ 
tral particles, is directed perpendicular to the direction of a magnetic 
field. Now the motions of individual particles are supposed to provide 
information how directed kinetic energy of slightly ionized gas stream 
is converted into electrical energy of a magnetohydrodynamic genera¬ 
tor. For writing equations of motion for the three species, we take time 
derivative in the frame moving with the particle. Suppose a particle of 
mass m is moving with velocity v . The rate of change of momentum is 

dv \dv dvdx dv_dy dv_^±] 

m ~dt = m l ~di + dx dt + dy dt dz dt* 
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rdv 

= m[-+« 


dv 


dv 


x a -^ v x - 1 " v x 

ox ox 


dvj\ 

dx\ 


= m 


dv 
■ dt 


+ (v .V) v 


( 11 . 10 ) 


Here, for non-relativistic motion, mass of a particle is considered con¬ 
stant. For writing equations of motion of three species, we accounted for 
the forces that arise (i) due to interaction of charged particles with elec¬ 
tric field E and magnetic field B , (ii) due to pressure gradient (transfer 
form one region to another) and (iii) due to transfer of momentum due 
to collision. If n denotes the number of particles per unit volume, p the 
pressure, v the frequency of collision, the equations of motion for posi¬ 
tive ions, electrons and particles are (here suffices i, e and a correspond 
respectively to ion, electron and particle) 


r dvl 


1 


J = erii 

E+- - 

L c J 


r dv e ._ „ _ 

n e w e “h ( u e -V) V e 


-en. 


- V Pi - nimiv ie {vi - v e ) 

nimiV ia (Vi - V a ) ( 11 . 11 ) 


v e x B] 

E H-1 - Vp e - n e m e u ei (v e - v { ) 


n a m a [ 


dv a 


n e m e v ea (y e v a ) 
Q t + ( v 'a -V) Va = -Vp a - n a m a u a i{v a - Vi ) 

n a m a v ae {y a u e ) 


( 11 . 12 ) 


(11.13) 


Here, v xy denotes the frequency of collisions of x specie on the y specie. 
The boundary conditions which hold in the duct in case of a magneto¬ 
hydrodynamic generator can be expressed, as the following: 


(1) There is steady state so that at a point in the duct, the velocity 
variation with time of each component is zero, so that d/dt = 0 . 

(2) The plasma is electrically neutral, so that = n e = n. 

(3) Changes in the velocity components are small, so that 
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& .V) ^ ~(v e .V) v e = 0 


The mass densities of electron and 


ion, p e and p,, respectively are p e = 


m e n and p t - m in . Let us consider the following transformations: 

p = Pe + Pi; 


y = Pi v i +PeV e 


p 3 = ne(vi - v e ) 

where j is the current. FYom these relations, we have 

and 


— — p e 

Vi = V +—J 


pne 


— — pi -? 

v e = v ——- j 
pne 


Multiplying equation (11.11) by m e and (11.12) by m„ and subtracting 
the latter from the former along with the assumptions ( 1 ) - (3), we get 


e(p e +p,)E + c 

= m e Vpi - nm € m)(v ei + w ie )(v e - v*) + i/ €a (v e - v a ) - v ia (vi - v a ) 
Last two terms in the square bracket can be expressed as 


Vea{Ve ~ V a ) ~ V ia (Vi - V a ) = U ea [ 


V 


pi 3 


pne 


Vn 


~ V ia \v +^~ V a ] 
l pne J 


— (,, — \ T? Pi u ea + PeVia "7 / \ 

— \Vea Via) V —- J -( U ea - l/ ia ) V a 


pne 


Thus, we have 


n 7 ; . en(m t + m e ) — -+ m e p e - rn l p lv 

0 = epE H----- L (v x B) + —■■■■ F {j x B) + nnVp e 


cp 


_ m e m t . .~r r. 

-m c ypi - {v e i + Vi e ) j +nmim e y{v ea - v ia )v 


PiVea “I - PeVia ~ 


pne 


j -(l'ea - Uia) V a ] 


0 =i + (p.-p.) ( - x S)+ (2 *yp« - ™eV Pi 


nepc 


ep 


m e nii r PiV ea + PeVia] , nm e mi(u ea v ia ) 

127 N+ p —J J + -^ ” 


ep 

nm e m,(^ea ~ ^ia) 
ep 
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-* vxB -+ rriiVpe - m e Vpi j 

E+ - - + — - ~{j x £) + - J — L -+a(v -v a )=l 

cepc ep ' a 


where a constant a and electrical conductivity cr are 


nm e mi[y ea - v ia ) 1 m e mi \ ( .. x , PtV ea + p e v ia 

a = - - = —5— [yei + Vie) H-— 

ep a e*p 1 p 

The terms on the left side are respectively the electrostatic effect, elec¬ 
tromagnetic effect, Hall effect, concentration effect and frictional field 
effect. 


11.2.2 Principle of working 



Circuit diagram of simple form of an MHD generator is shown in 
Figure 11.3. It consists of a duct (channel) through which the working fluid, 
consisting of positive ions, electrons and neutral particle, is allowed to 
flow. The duct is placed between poles of a permanent magnet whose 
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electrodes are placed at the upp er an j 

Huid is allowed to How i„ . direction JZ*™* of «>e duct. The 
the applied magnetic Held B. A charged ‘° th * Action of 

experiences a force m the direction perpe ndi * * m ° Ving With velocity „ 
oppositely charged particles move i„ <m M t0 both v and fi Tn 
developed. This current is collected ^ dir -«°ns and current 
opposite of the duct contact with the 2 " °i eleC,rod<!s Placed on 
through a load as shown in Hgure.We Jl COnn <««l externally 
concentration and neglect frictional force an d » 0 "'“ *° ha ve uniform 
of current density through a weakly ioni.cd ^magnitude 


E+Iil 




(11.14) 


where a is the electrical conductivity of the charged fluid. 

11.2.3 Faraday generator 

In a simple case, let us neglect conr<w a- 

the Hall effect. Thus, as in figure, we h^ uTg ^ “ d 
from equation (11.14), we have ’ U ~ Bk and therefore 

Ey ~ VB/C = j y /(J 

In an MHD generator, the charged particle gradients are small except 
the immediate vicinity of channel boundaries where a sheath exists 
us, e charged particle motion due to diffusion as well as heat con 
duction can be neglected. The electric field considered here results from 
e potential difference between the electrodes. For convenience, let us 
assume p and <r to be constant. Thus, from figure, we have 

jy = c[Ey - vB/c 1 

At open circuit, j y = 0. Thus, the open circuited electric field is E y = 

vB/c. We introduce a term k = cE y /vB, called the loading parameter. 
Then, we have 

iy = - — ( 1 -*) 
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The loading parameter can assume values between 0 and 1. Here, the 
negative sign indicates that with the geometry of the magnetic field and 
the direction of the fluid flow, the current flows in the negative direction 
of y- axis. The electric power delivered per unit volume of the MHD 
generator is 


P = -JyEy = 1 - k) 


This power will be maximum when 


dP ^ 

TT = 0 1 - 2k = 0 


k = 


1 

2 


We have 


max 


av 2 B 2 
4c 2 


The rate at which the work is done by the gas in pushing itself through 

the magnetic field is j y vB/c. Thus, the efficiency of the MHD generator 
is 

n= - 3yE = k 

jyVB/c 


11.2.4 Faraday generator when Hall effect is accounted for 

Neglecting concentration and frictional terms but retaining the Hall ef¬ 
fect terms in the generalized Ohm,s law we have 


E + v x B -(mj - m e ) j x B— — 

P e a 


where the electrical conductivity a is 
1 m e mi 


e 2 p 


O* + M + g ?” + 

P 


J 


When we consider only the electron particle collisions, we have 


a e 2 p 2 


Since m e << m*, we have 


Now, 


a = 


ne* 


^e^ea 
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Considering m e « m, and using a in the second part on right side of 
this equation, we get 


j=a\ E + 


v x B 


m e cv ea 


(jyx ~ j x y) 


= of E + —^-^1 —~~[j x i f\ 

<• c J cu ^ yX ^y) 


c ^ cv e yv* i*y) (11.15) 

where u,, = eB/m c is electron frequency. The Hall voltage will develop 
along r-axis. But, for accounting for the effect of Hall current on the 
efficiency of Faraday generator. We have not placed any electrode alone 
x-axis, so we shall neglect the voltage along the x-axis. However, we 

shall consider the effect of Hall current on the Faraday cylinder. Thus 
we have 


jx — 8jy and 

where (3 = u e /cu ea . Thus, we have 


j y -o\E y - vB/c ] + pj 3 


j y — a(E y - vB/c) - 0 1 ' 


(j _l_ vB/c) 

At open circuit, j y = 0. Thus, the open circuited electric field is E y = 

vB/c. We introduce a term k = cE y /vB , called the loading parameter. 
Then, we have 

. _ avB 
h ~ ~c(l + /3 2 ) 1 ~~ ^ 

The loading parameter can assume values between 0 and 1. Here, the 
negative sign indicates that with the geometry of the magnetic field and 
the direction of the fluid flow, the current flows in the negative direction 
of y- axis. The electric power delivered per unit volume of the MHD 
generator is 

P = ~ jyEy = C 2(l + £2) fc(1 - k ) 

Thus, in the presence of Hall current, the power generated is reduced by 
a factor of (1 -f 0 1 ). 
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11.3 Generation of microwave utilizing high den¬ 
sity plasma 

Plasma is a very promising medium for generating and amplifying mi¬ 
crowaves. The oscillatory property of plasma helps as a starting point 
for such studies. The natural electromagnetic oscillations which take 
place in a plasma are incoherent and do not have any practical use. 
Some results for production of millimeter waves have been published by 
scientists. There they utilized nonlinear voltage current characteristics 
of a mercury arc for harmonic generation of the waves just as rectifying 
properties of silicon crystals have been used by the scientists for genera¬ 
tion of millimeter waves in microwave spectroscopy. Cyclotron radiation 
of an electron placed in a magnetic field can also be used for production 
of high frequency electromagnetic waves. 

11.4 Problems and questions 

1. Discuss about the ionospheric plasma around the earth. 

2. Discuss about the basic theory of magnetohydrodynamic generator. 

3. Write short notes on the following 

(i) Ionospheric plasma 

(ii) MHD generator 
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Appendix 



electron charge 
electron mass 
mass of proton 


3 x 10^ m/s 
1.602 x 10“ 19 


Boltzmann’s constant 
Planck constant 
Gas constant 
Avogadro number 
permittivity of 


frpp snare 


9.109 x 10~ 31 kg 
1.673 x 10~ 27 kg 
1837 

1.38 x 10~ 23 J/K 
6.626 x 10- 34 J S 
8.314 J/mol K 
6.022 x 10 23 mol' 1 
8.854 x 10 -12 F/ 


m 




eV 

A 


permeability of 
free space 
electron volt 
Angstrom^ 


4 7r x 10- 7 H/m 

1.602 x 10- 19 .1 
10- 10 m 


B. Useful vector relations 

A .(3 x C) =3 -{C x A) =C -{A x 3) = [ABC] 

1 x(3 x C) =B (A .C)~c(a.B) 

(A x B)-{C x £>) = (A • C){B ■ D) - (A ■ D){B ■ C) 

{A x 3) x (C x 5 ) = [333] C -[ABC] D= [335] B -[BCD] A 
V.{<t> 2) =3 .V0 + ^>V. A 

V x ((/> A) = V<£x A +</>V x A 

A x(Vx B) = V(3 • 3) - (a .V) 3 -(5 .V) 3 ~ B x(Vx A) 

B x(Vx 5) = 1 VB 2 - (3 .V) 3 
(A -V) A=V(i A 2 )- 4x(Vx A) 

V.(A x 3) =3 .(Vx 3)- 3 -(Vx 3) 

V x (A x 3) =3 (V. 3)- 5 (V. A) + (3 -V) A) - (a -V)B) ^ 

V x [(a .V) A] = (A .V)(Vx A) + (V. 3)(Vx A) - [(Vx A)-V] A 
VxVx A=V(V. A)-(V.V) A 


V x V</> = 0 
V.(Vx A) = 0 

269 
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C. Expressions in cylindrical coordinates (r,0 t z) 


A r f + A e Q + A z z 


V 2 0 = I — , 1 ^ , 3 2 </> 

r dr \ dr) r 2 d9 2 + dz 2 


~^( r ^r) + -~Aq + — 
r0r v rdO 0 dz 


Vx 4 = 


2=(i®d£_ad»W/<Mr M’M+'t 9 , 9 M 
v as a* J' + l a* ~ 


v 2 A= (V.V) A 


,2Ar ~^( A ' + 2 ~ai )} f +[ v2 ^ - h - 2 ^)]»+v 2 ^ ; 

(AV)B=(A r ^ + A, 1 -^ + A 9Br 1 4 d - 

V dr +Jie T d» +A *lh ~ r AoB V T 

+ (a + a \ dBe ^ a dB e 1 4 \. 

dr + 9 r d6 + Az lh + r AeBr ) 9 

+ (A r ^ + Ae l -^ +A d -*±Yz 

' dr 9 r dO + z dz ) 


D. Evaluation of some integrals 

(i) Let 


/ = /°°e- 2 dx = 2 /“V* 8 dz 

J -oc J o 

Similarly, we can write 

f°° 9 

/=2/ o .-» d , 

Multiplication of equations (11.16) and (11.17), we get 

/*OC TOO 

= 4 / J e-<*+» 2 >dx dy 

ax=0 Jj/=0 y 


(11.16) 


(11.17) 
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If we use, 

»uu ___ 

wehave d* d, = r dr d „ 

Further, the limits for x, from 0 to + y ~ r 

first quadrant of the region. The f ° r y ' fr om 0 to or n 

the limits for r. from D tr» __« e re gion can . 0Ver the 


vAxvy ******vo lui x, irom U to ^ ' 

first quadrant of the region. The f ° r y ' fr om 0 to or n 

- iimits for - from ° * - ss r * 

fl = 4 r r n 1,1 Thus ’ have 

LoL 0 e ’•drdfl 


=4 - r° e - 

2 ir=0 


r dr = 


= 27r[- e jll oc __ 
L 2 Jo ~ 


Thus, we have 



(ii) Similarly, we have 



(iii) Let 

/ OO 

x 2 e~ ax dx 

-OC 




e ax2 
"-2a 




dx 



y/i 

2a 3 / 2 


(iv) Let 



where n is a non-negative integer. 
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This recurrence relation can help in computation a number of integrals. 
For that we should have the values for Iq and I\. We have 



roc 

Io = 1 e ajr dx = 
J 0 

1 fir 

2 V a 

and 

roc 

I\ = / 

./() 

dx 

Let y = ax 2 

dy = 2 ax dx 


Thus, 




Further, 

tion 


1 r<x> i 

h = — e y dy = — — 
2a ./o J 2a 


-y 


ioo 

o 


1 

2a 


integrals can be obtained with the help of the recurrence rela- 


J 2 = , 

"°*V dx = - 

^ 1 

1 

J 

'(T 

5a 

h = 

/ e~ ax2 x' 5 dx = - 

_5/i 


Jo 

, / 

5a 



i nr 

4 V a 3 


da 1/2a 2 a 2 
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